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SymbolsandDefinitions

Thefollowing definitionsandsymbolsareusedin thereport.

Definitions

Vectorsaredenotedwith lowercasebold: �
Thedirectionof thevector � is representedby theunit vectorin thatdirectiondenotedas: ��
Thelengthof vector � is denotedas: � ���
Theestimateof vector � is denotedas: �� 1

Theworkingpointof vector � is denotedas: ��
Thesmallsignalof vector � is denotedas: ��
Matricesaredenotedwith uppercasebold: �
Crossproductmatricesaredenotedas:S �	��

Thetransposedis denotedwith a superscriptT: � T

Therotationfrom frame � to frame  is representedby a rotationmatrixas: ����
Quaternionsaredenotedas: �
Thescalarpartof aquaternion� is denotedas: ���
Thevector/complex partof a quaternion� is denotedas: �������
Thecomplex conjugatedof � is denotedwith anasterisk:���
Vector � in frame � is denotedas: � �
Thetimederivativeof avector � in frame � but givenin frame  is denotedas: �! � �#" �

1The $ operatoris usedfor both unit vector andestimatesto maintainnotationalagreement.The
functionof theoperatorshouldbeclearby thecontext.
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Symbols

%
in Laserbeamfrom satelliteto sphere%
out Reflectedlaserbeamfrom sphereto satellite%
l0 Referencepositionof laserframe%
r Positionof thereflectionpoint%
s Relative positionof satellitewith respectto thesphericalmirror%
b Positionof sphere%
c Positionof chaser%'& Error in satelliteposition%

l-s Vectorfrom origin of satelliteframeto origin of laserframe(
Baseline)%

LOS Signalsourceline-of-sight%
COP Vectorfrom centerof massto centerof pressure*
Sun Solarforce*
flux Forceof solarflux*
ext Sumof externalforces*
ctrl Controlforce+
Sun Solaracceleration, Measurementvector-

s Angularvelocityof satellite-
o Angularvelocityof orbit frame. Satelliteattitudequaternion/ Statevector0 Input vector1 Measurementvector2 Processnoise3 Measurementnoise4

ext Sumof externaltorques4
ctrl Controltorque5 � Sphereradius5 � Sunscreenradius6 � Massof sphere687 Massof chaser9

Measureddistanceof opticalpath: Laserpitchmeasuredfrom theCCDplane; Rotationof thelaserframe
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Inertial frame=
Sphereframe>
Laserframe? Satelliteframe@
SatellitebodyframeA CCDplaneframeB Orbit frameC�DFEGD H

by
H

matrixof zero-elementsIFDFEGD H
by
H

identitymatrixJ
nl Non-linearsystemmatrixJ

LinearizedsystemmatrixK
InputsystemmatrixL
MeasurementmatrixM
Momentof inertiaN
KalmangainmatrixO
AngularmomentumP
CovariancematrixQ
ProcessnoisecovariancematrixR
MeasurementnoisecovariancematrixS
StateweighingmatrixT
InputweighingmatrixU
FeedbackgainmatrixV
JacobianMatrix of dW SunXZY\[

d Y]_^ Ha`
Kronecker’sdeltafunctionb ^dc `
Dirac’sdeltafunction
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Chapter 1
Introduction

This project is a studyof using a lasermetrologysystemwith a reflectingspherical
satellite,for a technicaldemonstrationmissionof theEuropeanSpaceAgency (ESA),
namedSMART-2. TheSMART-2 missionprecedesthepossiblecornerstonemissionof
ESA namedDARWIN.

The following is a short descriptionof the conceptsof the DARWIN missionand a
descriptionof theSMART-2 mission.Theprojectis outlinedanda solutionstrategy is
presented.

1.1 DARWIN

TheDARWIN mission’s main objective is planetdetection.TheDARWIN formation
of satellitessearchesfor planetsorbiting otherstarsthantheSun,andidentifiesEarth-
like planetswhich couldsupportlife aswe know it. DARWIN usesinterferometryto
reject the bright light from a target star, which makesthe light from a nearbyplanet
detectable.The interferometerrequiresfree flying telescopesatellitesin a precisely
controlledformation.As many of thetechnologiesneededfor themissionhavenotbeen
usedpreviously, a demonstrationmissionnamedSMART-2, mustprove thefeasibility
of theDARWIN mission.

AppendixA on page111is a brief presentationof thesystemelementsandtermsused
for theDARWIN mission.
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16 Intr oduction

1.2 SMART-2

PrecedingtheDARWIN mission,a testof hardwareis necessaryin orderto verify the
expectedperformanceof thesensorsandactuatorsintendedfor use. Someof thenew
technologieswill beusedin othermissions(i.e. NGST, SIM andFIRST-PLANCK [ES,
5]), andsomehave to betestedon theESAdemonstrationmissionSMART-2.

TheSMART-2 missionis anESAdemonstrationmission,thatmustprovethefeasibility
of future missions,including DARWIN. This documentis solely concernedwith the
technologydemonstrationfor DARWIN, anda referenceto SMART-2 shouldberead
asareferenceto thepartof SMART-2 thatis intendedfor theDARWIN mission.

For testingthehighprecisionformationflying usedin DARWIN, theSMART-2 mission
will launchtwo satellites.Thoughthreesatelliteswouldberequiredto testplanarpoint-
ing, only two areavailabledueto economicalconsiderations.In orderto testtheplanar
formation,a reflectingspherewill beusedasthird reference.It is to beshown thatthe
control systemof the two satellites,is ableto positionthe satelliteswith referenceto
the sphere,pointing the normalto the formationplanewithin the requirementsof the
DARWIN mission.

SMART-2 mustdemonstratetheuseof thefollowing systems[CAS, 2000]:� Formationflying control

– Metrologyfor relative translationmeasurement

– Actuatorsof microNewton thrustlevel

– Controllaws to theon-boardsystemfor formationflying� Veryprecisecontrolof thedistancesbetweenindividualtelescopesandthecentral
hub1� Performbroad-bandinterferometryin thenearinfrared(NIR)

– Opticalcomponents

– Thermalcontrol

– High sensitivity detectors� Achromaticphase-shiftingin theNIR

1SeeAppendixA for anexplanationof thehubsatellite.
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1.3 Outlines of This Project

The outlinesof this projectarebasedon the studyof positionandattitudecontrol of
thesatellites,andwill asaconsequencenot includethechallengesof fineopticsfor the
interferometerandthermalaspectsof such.Thedevelopmentof thenecessarysensors
and actuatorsusedfor the control systems,will also not be includedin the project,
howeveraninvestigationof thecontrolsystemsshouldleadto requirementsof necessary
hardware.

Formationestablishmentandcollisionavoidanceis alsonot in theframeof thisproject,
but theability to holda formationwithin requirementsshouldbedemonstrated.

Initial Problems

Theprimarygoalof theSMART-2 missionis to demonstrateformationflying. This is
to be accomplishedusingtwo or threesatellites.Due to economicalconsiderations,a
two satellitemissionis suggested.This limits thedemonstrationof formationflying, as
two satellitesonly spana line, andtheplanarpointingsystemneededfor DARWIN is
thereforenot shown. An ideais to usea reflectingspherewhich thetwo satellitesmust
useasreferencefor theformationconfiguration.Thestudyof thisprojectwill bebased
on this concept,which leadsto theproblemformulationof this project:

Thisprojectis astudyof theSMART-2 demonstrationmissionby ESA,based
on two satellitesanda referencesphere.It shouldanalyzethe requirements
of sucha reflectingreferencespherewrt. stabilization,controlandgeometric
precision,uponananalysisof thesystemandthedesignof a controlsystem.
Basedon theresultsof suchrequirements,thechoiceof usinga third satellite
insteadof a reflectingsphereshouldbeclarified. The control systemshould
prove thefeasibilityof thecontrolrequirementsor extendtherequirementsfor
sensorandactuatorhardware.

1.4 Solution Strategy

Thefeasibilitystudyof theformationflying andhighprecisioncontrolof theformation,
basedontwo satellitesandasphere,will includeaninvestigationin thefollowingareas:� Identificationof sensorsandactuators,basedon the proposedhardwareof the

DARWIN andSMART-2 missions.



18 Intr oduction� An analysisof the lasermetrologysystem,proposedfor the relative positioning
andattitudecontrol,usedwith thereflective referencesphere.� Modelingof satellitedynamicsanddisturbances.� Modelingof sensorsandactuators.� Designof controllersandestimators.� Verificationof controllerswrt. systemrequirementsor formulationof new re-
quirementsto sensorand/oractuatorhardware.



Chapter 2
SystemDescription

This chapteris a descriptionof theSMART-2 systemcomponents,andtheir function.
Thesystemconsistsof two fully equippedsatellites,andasinglesatellite,whichis to be
keptassimpleaspossible.In orderto controltheformationwith highprecision,a laser
metrologysystemis proposed.This systemrequiresan optical path,in which a laser
beamis pointedtowardsanothersatellite. A charge coupleddevice (CCD) is usedto
measurewherethelaserbeamhits thetargetedsatellite,in orderto estimatetherelative
translationalmotionbetweenthetwo satellites.

In orderto acquiretheopticalanomni-directionalmetrologysystemis necessary. An
omni-directionalsystemsuggeststheuseof aradiofrequency (RF)signals.Theattitude
of theindividualsatellitesis measuredusingstartrackers.

Basedon the choiceof an optical lasermetrologysystem,the simple third satellite
is chosento be a reflectingsphere.Choosinga sphericalshapedsatellitemeansthat
therewill be no stabilizationrequirementsof the satellite. Henceno thrustersor star
trackers,andthussolarpanels,areneeded.Reflectingthelaserbeam,movesthesensor
equipmentfrom the “receiving” satelliteto the transmittingsatellite. The equipment
neededon the spheresatelliteis limited to a transmittingRF source.This equipment
mustbe poweredby batteries,becauseany externaldevices, like solarpanels,would
resultin stabilizationrequirementsof thespheresatellite.

Basedon theabove, theoverall systemelementscanbesummarized:� The formationconsistsof two fully equippedsatellites,anda simplespherical
satellite.In thisprojectthesearereferredto asthesatellitesandthespheresatellite
or justsphere,respectively.� Theformationiscontrolledusinglasermetrology. Bothtransmittersandreceivers
aremountedon thefully equippedsatellites.Thespheresatellitesimply reflects

19



20 SystemDescription

thelaserbeamsto thesensorson theothertwo satellites.� Theinitial conditionsof thelasermetrologysystem,areacquiredusinganomni-
directionalRF metrologysystem.In orderto detectthespheresatellite,a trans-
mittermustbemountedinsidethesphere.In addition,batteriesmustbemounted
insidethesphere,to powertheRFtransmitter.

2.1 The Formation

Thetwo baselinesshown in Figure2.1,betweenthethreesatellitesof SMART-2, span
theformationplane.Thenormalto thisplane,is to bepointedtowardssomegiventarget
star. This directionis thetargetstarline of sight(LOS).This will enablethetelescope
satellites,usedin DARWIN, to detectplanetsorbiting the target star. In orderto use
interferometry, thelengthof thebaselinesin theformationmustalsobecontrolled.

Theattitudesof thesatellitesaremeasuredusingstartrackers.Thetranslationerrorsof
thesatellites,causingformationmis-configuration,areestimatedusingthelasermetrol-
ogysystem.

LOS
Target star

Sphere

Baseline

Baseline

Plane normal

Satellite

Satellite

Figure2.1: Overview of thesatelliteformation.Theplanespannedbytheformationhas
a normal,that is parallel to thetargetstarLOS.

2.2 RF Metr ology

Whenthethreesatellitesof SMART-2 aredeployed,theopticalpathof thelasermetrol-
ogysystemmustbeestablished.In Figure2.2thesphereandonesatelliteis illustrated.
The laserleaves the satellitein a known direction. A signal is transmittedfrom the
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sphere,anda receiver in thesatellitemustestimatea sphereLOS. Knowing thedirec-
tion of thesphere,theattitudeof thesatellitemustbecontrolledto point thelaserbeam
towardsthesphere.Whenthelaserbeamis reflectedfrom thesphere,andthereflected
laserbeamis directedbackto thesatellite,thelasermetrologysystemcanbeactivated.

Sphere LOS

RF signal Satellite

Sphere Laser beam

Figure2.2: TheRFmetrologysystem,usesa transmittermountedinsidethesphere. The
receiverat the satellite estimatesthe sphere LOS and an optical path is
acquiredfor thelasermetrologysystem.

2.3 Laser Metr ology

Thelasermetrologysystem,consistsof a lasersourceanda CCD.TheCCD measures
the returnpoint of the reflectedlaserbeam. In additionthe lengthof theopticalpath,
thatis thedistancethelaserlight travelsto thesphereandbackto theCCD,is measured.
Themeasurementsdependon both the attitudeandthe translationof thesatellite,but
sincethe attitudeof the satelliteis acquiredusingstar trackers,the transitioncanbe
decoupledfrom themeasurements.

Sphere

Laser beam

CCD

Satellite

Figure2.3: Thelasermetrologysystemusesa CCDto measurewhere thereflectedlaser
beamhits thesatellite. In addition thedistanceof theoptical path is mea-
sured.Proportionsin thefigure are exaggerated.
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Chapter 3
Analysis

In this chapterthemetrologysystemsareanalyzedmathematically. First theequations
neededto obtainthe translationerrorarederived,followedby a themodelneededfor
thesimulator, which givesthemeasurements,basedon thesimulatedtranslationerror.
Finally aRF metrologysystemis analyzed.

3.1 Laser Metr ology

This sectionis a mathematicaldescriptionof the lasermetrologysystem,usedfor sen-
soringformationperturbations.The systemis differentfrom that usedbetweenthree
fully equippedsatellites,as the laseris reflectedby a sphere,insteadof being mea-
sureddirectly on the targetedsatellite. A sphericalgeometryis usedto minimize the
stabilizationrequirementsof thesimplifiedsatellite.

Figure 3.1 gives an overview of the system. The satellitesreferenceposition is the
vector % l0 andtheerrorto thetruepositionis %�& . Thereflectionoccurringon thesphere
is definedby the tangentplaneat thereflectionpoint % r. The laserbeamsentfrom the
satelliteat anangle: in the / l

1
l planeis denoted% in andthereflectedbeamis denoted%

out. The normal to the tangentplaneis the vector 4 andthe radiusof the sphereis
denoted

5
b.

The framesplacedat the centerof the sphereandthe laserexit point on the satellite
respectively, aredefinedin thefollowing section.
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Figure3.1: Overview of the laser metrology system,showingthe laser beam % in, sent
towardsthesphere fromthesatellite,andthereflectedlaserbeam% out. Both
are functionsof thesatellite’s attitudeandthepositionerror %�& .

Frames

Two framesareusedto describethe lasermetrologysystem.The laserframeandthe
sphereframe.

SphereFrame

The sphereframe is the referenceframeof the formation. Its origin is at the center
of the sphere.The axesof the system,/ b, e b and 1 b, aredefinedby the directionof
thestarfixedreferencesystem,in which thesatelliteattitudesaremeasuredusingstar
trackers.Hencetheattitudeof thesatellitesareknown in this frame.Thesphereframe
is illustratedin Figure3.2,togetherwith thestarfixedframespannedby / 0, e 0 and 1 0,
definingtheorientationof / b, e b and 1 b.

Laser Frame

Thelaserframe’s origin is at thepoint wherethelaserbeamexits theplanedefinedby
thesurfaceof theCCD sensor. The / l axis is a normalto this plane,andthe 1 l axis is
in theplanespannedby the / l vectorandtheexiting laserbeam% in, andpointingin the
oppositedirectionasthe projectionof % in onto the planeof the CCD surface.Figure
3.3 illustratesthe laserframe. The projectionof % in onto the CCD planeis denoted�

in in Figure3.3. If the projectionis the zerovector, that is when : is zero, 1 l is the
negative directionvectorto a fixedpoint on theCCD sensor. The e l axis is formedin
right handedsystem.
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Figure 3.2: Definitionof thesphere frame.
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Figure 3.3: Definitionof thelaserframe.
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Estimating SatelliteTranslation

Thelasermetrologysystemis basedon a known attitudeof thesatellite,which is mea-
suredusingstartrackers.Sincetheattitudeof thesatelliteis known, theattitudeof the
laserframeis alsoknown, becausebothsystemsfollow theattitudeof thesatellite,and
thefixedattitudebetweenthesatelliteandthelaserframeis known. Figure3.4 shows
thepathof the laserbeam,% in and % out, andthevector , measuredusinga CCD.The
vector , is measuredin the laserframe. However sincetheattitudeof thesatelliteis
known, it is alsogiveninertially, hencethecalculationscanbedonein eitherframe.

ys
xs

zs

r out

inrγ

m

Figure3.4: The measurementvector , measured in the laser frame, using a CCD
mountedon thesatellite.

The lasermetrologysystemalso measuresthe length of the optical path denoted
9
,

giving 9 s�� % in �q��� % out � (3.1)

Given , ,
9

andthe attitudeof the satellite,the positionrelative to the sphereis esti-
mated.

Thedirectionof % in is representedby theunit vector
)%

in. Knowing theexit angle: ,
)%

in

is givenby

)%
in s ��

coŝ : `nu sin
^ : ` �� (3.2)

Notethatthelaserframeis definedin a way thatmakesthesecondelementof
)%

in zero.
Usingcosinerelationson thetriangleformedby % in, % out and , , yields
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� % out � � s�� % in � � ��� , � � u l � % in �q� , � cos ��� l u :�� (3.3)

FromEquation3.1 it is clearthat

� % out �Fs 9 u�� % in � (3.4)

whichcombinedwith Equation3.3gives^�9 u�� % in � ` � s�� % in � � ��� , � � u l � % in �q� , � cos � � l u : �� 9 � u l 9 � % in �~s�� , � � u l � % in �q� , � cos � � l u : �� l � % in �q� , � cos � � l u : � u l 9 � % in �~s�� , � � u 9 �� l � % in ���#� , � cos ��� l u :�� u 9�� s�� , � � u 9 �� � % in �~s � , � � u 9 �l�� � , � cos ��� ��u :�� u 9!  (3.5)

Giventhedirectionandlengthof % in from Equations3.2and3.5respectively, thevector
is acquiredby %

in s�� % in � )% ins � , � � u 9 �l¡� � , � cos � � �¢u :£� u 9!  �� cos
^ : `nu sin
^ : ` �� (3.6)

FromFigure3.4 it is clearthat %
out s , u % in (3.7)
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Sincetheattitudeof thelaserframerelativeto thesphereframeis known,all vectorsare
known in bothframes.Recallthattheattitudeof thelaserframeis givenby theattitude
of thesatelliteanda fixedrotation.

If theattitudematrix ¤8¥� representstheattitudeof the laserframerelative to thesphere
frame,thevectors% �in and % �out in thesphereframearegivenby% �

in s �#¤8¥� � T % ¥in (3.8)% �
out s �#¤ ¥� � T % ¥out (3.9)

where % ¥in and % ¥out aregiven in the laserframe,and �¦¤8¥� � T
is equivalentto ¤ �¥ . If the

superscriptis not given in the following equations,thevectorsaregiven in thesphere
frame.

In Figure3.5 it canbe seenthat in orderto calculatethe translationerror % & from the
known reference% l0 thevector % r, which is the vectorto the reflectionpoint, mustbe
found.Knowing thevectors% in and % out, thereflectionpointon thespherecanbefound
from theanglebetweenthevectors.

r out

r in
r

r

ε

n

r r

l0 Rb

Figure 3.5: Thevectorsneededto calculatethetranslationerror % & .
Thelengthof % r is theradiusof thesphere,andthedirectionis thesameasthenormal
to thetangentplaneat thereflectionpoint. Theunit normalvector 4 canbecalculated
by 4 s )%

out u )%
in� )% out u )%
in � (3.10)

That Equation3.10holdscanbe seenfrom figures3.6 and3.7. The framein Figure
3.6 hasorigin at the reflectionpoint, andthe / r axis is a normal to the tangentplane
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spannedby the e r and 1 r axes. It is clearthat theanglebetweentheprojectionsof the
incomingandexiting laserbeamsontothe e r

1
r planeis � . This meansthatthe / r axis

is alwaysin thesubspace,spannedby % in and % out, unlessthetwo vectorsareparallel,in
whichcasenoreflectionoccurs.

r out

r in

α α

π

r

r

r

x

y

z

Figure 3.6: Reflectionof a laserbeamon the e 1 tangentplanewith normal / .

Figure3.7 illustratesthe sumof to equallengthvectors. The anglebetweenthe two
vectorsis l ; which is thecasein areflection,asshown in Figure3.6. It is clearthatthe
sumof % in and % out is avectorangledequallybetweenthetwo.

r 1 r 2

r 1r 2

α α

a

aa

a

Figure 3.7: Thesumof two equallengthvectors.

Realizingfrom Figures3.6and3.7,that%
1 svu % in (3.11)%
2 s %

out (3.12)

andnormalizingall vectorsto unit vectors,Equation3.10is shown. Sincethenormal-
ized sumof % in and % out is equallyangledbetweenthe two andin thesamesubspace,
thevectoris a normalto thetangentplaneof thesphereat thereflectionpoint.
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Knowing theplanenormal 4 , thevector % r is givenby%
r s 5 � 4s 5 � )% out u )%

in� )% out u )%
in � (3.13)

where
5 � is theradiusof thesphere.FromFigure3.5 it is clearthat%

r s %
l0 � %'& � % in (3.14)

whichsolvedfor % & , yields % & s %
r u % l0 u % in (3.15)

where % r is given in Equation3.13and % in in Equation3.6. Note that % in and % out are
obtainedin thelaserframe,andmustberotatedto thesphereframeusingEquations3.8
and3.9, whenusedin Equation3.13andEquation3.15. Equation3.15 is the sought
translationalerrorof thesatellite,to its referenceposition.

Placing the Laser on the Satellite

A problemariseswhenplacingthelaseron thesatellite,sincethepointwherethelaser
beamexits thesatellitemustbecleared.This meansthatthereflectingbeamcannotbe
measuredat this point,sincea CCDin this placewouldblock thelaser. Theproblemis
illustratedin Figure3.8.

Satellite Sphere

Laser beam
in outr r̂^

Figure3.8: Bad configuration. Thereflectedlaser beamcannotbe measured, sincea
CCDwouldblock theopticalpath.

In orderto overcomethis problem,the lasermustbe eithermoved,angledor both,as
illustratedin Figure3.9.Thelaserbeamhasbeenmovedto acornerof thesatellite,and
angledin orderto keepthenreflectedbeamon thesideof thesatellite.Theangle : in
theprevioussection,is introducedfor thispurpose.



3.1Laser Metr ology 31
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Figure3.9: Goodconfiguration. Thereflectedlaserbeamis notnearthelaserexit point
of thesatellite.

Calculating ReferenceVector and Attitude

The fixed rotationandtranslationof the laserframecanbe calculatedwhenthe laser
hasbeenplacedon thesatellite.Usuallya satelliteis controlledusinga satelliteframe,
e.g. placedconvenientlyfrom a dynamicspoint of view. Hencethe referenceattitude
andpositionarealsogivenin this frame.Sincethelaserframeis alsoplacedat a fixed
point on thesatellite,therotationandtranslationbetweenthetwo framesareconstant,
hencethereferencescanbegivenin this frame.

Definean arbitraryframeon the satelliteby the vectors / s, e s and 1 s, which hasthe
known referencevector % s0.
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Figure3.10: Obtainingthereferencevectorof thelaserframe,giventhereferenceof the
satelliteframeandtheknownplacementof thelaserexit point.

Theframeis illustratedtogetherwith the laserframeandsphereframein Figure3.10.
Thesatelliteframeis to beplacedat referenceposition % s0. Theestimationof thetrans-
lationerrorrequiresthatthis referenceis modifiedto a referencefor thelaserframe.

FromFigure3.10it is seenthatthereferenceof thelaserframe % l0 is givenby
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%
l0 s %

s0 � % l-s (3.16)

Sincethepositionof thelaserframeis convenientlygivenin thesatelliteframe,Equa-
tion 3.16is written %

l0 s %
s0 � ��¤ �¨§� � T % �l-s (3.17)

where ¤ �¨§� denotestheattitudeof thesatellite’s referenceframe,denoteds0,relative to
thesphereframe.

As with thereferenceposition,thereferenceattitudeof thesatellitemustalsobemodi-
fied into a referencefor thelaserframe.

From the definitionof the laserframe,it is known that the attitudeof the laserframe
relativeto thesatelliteframewill beafunctionof theangle: . It is alsoa functionof the
orientationof theCCDplaneframespannedby / p, e p and 1 p illustratedin Figure3.11.

Theplaneframerepresentstheorientationof thesatellitesurface,onwhich theCCDis
mounted.Theattitudeof the planeframerelative to thesatelliteframeis givenwhen
thesideof thesatellite,onwhich to mountthelaser, is chosen,andis denoted¤ª© � .
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Figure3.11: Obtainingtheattitudeof the laser frame,giventheyaw f andpitch g in
theplaneframeof theexiting laserbeam.

Theangle: is apitch in thelaserframe,but canalsobeexpressedasayaw andpitch in
theplaneframe,givenby theanglesf and g respectively. Therotationof thelaserframe
relative to theplaneframeis a rotation ; aboutthe / p axisgivenby theanglesf and g
(Figure3.11). Theanglesf and g definethedirectionof % in in sphericalcoordinates.



3.1Laser Metr ology 33

Theunit vectorpointingin thesamedirectionandconvertedinto Cartesiancoordinates,
is givenby

)%
in s ��

sin �q� �¢� g � cos
^ f `

sin �q� � � g � sin
^ f `

cos � � � � g � ��
(3.18)

in the planeframe. The angle ; is the anglebetweenthe projectionof u )% in onto thee p
1

p planeandthe 1 p axis.Notethatthe 1 l vectoris in factequalto u )% in, givenby the
definitionof the laserframein Section3.1 unlessf and g arezero. Theprojectionofu )% in ontothe e p

1
p, denoted1 ©l , is by definitionof Cartesiancoordinates

1 ©l s �� nu sin ��� � � g � sin
^ f `u cos � � � � g � ��

(3.19)

Theanglebetween1 ©l and 1 p is for two unit vectors; s cos
� � � ^ 1 ©l ` T 1 p

� (3.20)

The exceptionis whenthe projection 1 ©l is the zerovector, which is the casewhen f
and g arezero.Then 1 ©l is insteaddefinedin Section3.1to bein thenegative direction
of a fixedpoint on theCCD sensor. Hence; is in this casegivenby theplacementof
theCCDsensor.

Theattitudematrix ¤ ¥© , describingtherotation ; of thelaserframeaboutthe / p axis,is
givenby

¤ ¥© s �� o n nn cos
^ ; ` sin

^ ; `n u sin
^ ; ` cos

^ ; ` �� (3.21)

Thesoughtattitudeof thelaserplanerelativeto thesatelliteplanecannow becalculated,
andis givenby thematrix

¤8¥� s ¤«¥© ¤¬© � (3.22)
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3.2 Simulation Model

In Section3.1 a methodfor estimatingthe satellitetranslationbasedon the measure-
mentsis derived. Whensimulatingthesystem,a methodfor calculatingthemeasure-
mentsbasedon thesimulatedtranslationis sought.

In Figure 3.1 on page24 two framesare illustrated. Sincethe attitudeof the laser
frameis known, thedirectionof % in is known in the sphereframe,representedby the
unit vector

)%
in. Given the referenceposition % l0 andthe translation%�& , the parameter

equationof thelaserbeamexiting thesatelliteis��® ¯ ° �� s²± % l0 � %�&�³ � )%
in
A8´ A¶µ¸· (3.23)

whereA is a freeparameter. Theequationof thespheresurfacecenteredat theorigin of
thesphereframeis ��® ¯° �� T ��\ ¯° �� s 5 �

b (3.24)

where
5

b is the radiusof the sphere. In order to find the reflectionpoint, given by
thevector % r, thevalueof parameterA in Equation3.23at thesurfaceof thesphereis
sought.InsertingEquation3.23in 3.24yields

± ^ % l0 � %�& ` � )%
in
A ³ T ± ^ % l0 � %'& ` � )%

in
A ³ s 5 �

b� � ^ % l0 � %x& ` T � )% T
in
A � ± ^ % l0 � %'& ` � )%

in
A ³ s 5 �

b� ^ %
l0 � % & ` T ^ % l0 � % & ` � � )% T

in

^ %
l0 � % & ` � ^ %

l0 � % & ` T )% in
� A � )% T

in

)%
in
A � s 5 �

b

whichgivesthesecondorderpolynomialequation)% T
in

)%
in
A � � � )% T

in

^ %
l0 � %�& ` � ^ %

l0 � %�& ` T )% in
� A � ^ %

l0 � %�& ` T ^ % l0 � %x& ` u 5 �
b s n

(3.25)
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Therootsof thisequationcorrespondsto thetwo pointswheretheline of Equation3.23
is on thesurfaceof thesphere.Sincethesphereis reflecting,andnot transparent,the
reflectionpointwill beat theshortestdistancefrom thepoint

^ %
l0 � %�& ` , wherethevalue

of A is denotedA r. Uponcalculatingtheroots A � and A � of Equation3.25, A r is chosen
by therule A

r sº¹ A � if � A � �x»�� A � �A � if � A � �x¼²� A � � (3.26)

Thecasesof complex or equalroots,correspondingto thelasernothitting thesphereor
beinga tangentto thespheresurface,arenot considered,sincenoreflectionsoccur.

Given A r thevectors% r and % in aregivenusingEquation3.23by%
r s½± % l0 � %�&�³ � )%

in
A

r (3.27)%
in s )%

in
A

r (3.28)

It is seenfrom Figure3.6on page29, that in a framewherethe / axis is normalto the
tangentplane,thedirectionof thereflectedlaserbeam

)%
out is givenby)%

out s �� u o n nn o nn n o �� )% in (3.29)

which is a changeof signin thefirst elementof
)%

in.

Equation3.29only holdsin a framewherethe e and 1 axesspanthereflectionplane.
Henceareflectionframeis defined,in orderto calculate

)%
out.

Definethereflectionframeillustratedin Figure3.12.The / r axisis thenormalpointing
out of the sphere,to the tangentplanespannedby e r and 1 r. The e r and 1 r axesare
definedsuchthatthey areparallelto e b and 1 b axesin thesphereframe,when f and g
arezero.Notethat f is largerthan � in thefigure.Hencetheattitudeof theplaneframe
is givenby f and g which alsodefinethevector % r in sphericalcoordinates,knowing
theradiusof thesphere.

Given % r from Equation3.27theanglesf and g canbefoundbyf s tan
� �¿¾ j r2j r1 À (3.30)g s cos
� �ÂÁ j r3Ã j �r1 � j �r2 � j �r3 Ä u � l (3.31)
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Figure3.12: Definitionof thereflectionframe.

where j r1, j r2 and j r3 arethescalarelementsof the % r vector. Theattitudematrix ¤«Å� ,
representingthe rotation of the reflectionframe with respectto the sphereframe, is
obtainedusing ¤ Å� s ¤ � ¤ k (3.32)

where¤ � and ¤ k representtheprincipalrotationsaboutthe e r and 1 r axesrespectively.
This is equivalentto a 3-2-1Eulersequence,wherethe rotationaroundthe / r is zero,
consequentlytherotationmatrix ¤Æ� is theidentitymatrix

I k E k . Thematricesaregiven
by

¤ � s ��
cos

^ g ` n u sin
^ g `n o n

sin
^ g ` n coŝ g ` �� (3.33)

¤ kÇs ��
cos

^ f ` sin
^ f ` nu sin

^ f ` cos
^ f ` nn n o �� (3.34)

which insertedinto Equation3.32,yields¤«Å� s ��
cos

^ g ` cos
^ f ` cos

^ g ` sin
^ f ` u sin

^ g `u sin
^ f ` cos

^ f ` n
sin

^ g ` cos
^ f ` sin

^ g ` sin
^ f ` cos

^ g ` �� (3.35)

The vector
)%

in cannow be rotatedinto the reflectionframe, and
)%

out is found in the
sphereframeby )%

out s ^ ¤ Å� ` T �� u o n nn o nn n o �� ¤ Å� )% in (3.36)
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usingthepropertyof Equation3.29.

Themeasurement, canbecalculatedusingthepropertiesof thetriangleillustratedin
Figure3.13.Theknown elementsof thetriangleis : , % in and

)%
out.

π
2

r in

m

r out

θ
β Reflection point

Satellite

−γ

Figure3.13: Illustrationof thereflectedlaserbeam,andthemeasurementvectoron the
satellite.

TheangleÈ is givenby theanglebetweenÉ¶ÊË in and ÊË out, which for unit vectorsis

ÈÍÌ cosÎ�ÏÑÐ\É«ÊË T
in ÊË outÒ (3.37)

giving thefinal angle Ó ÌÕÔ«É�Ö Ô × É|Ø¬ÙÚÈGÛÌ Ô × ÙÜØ8ÉÚÈ (3.38)

Usingsinerelations,thelengthof Ë out is givenbyÝ Ë
out
Ý Ì Ý Ë

in
Ý sin ÐqÞ ß É|Ø Ò

sin à Óâá (3.39)

Thevector Ë out cannow befully determinedbyË
out Ì Ý Ë

out
Ý ÊË out (3.40)

Finally thesoughtmeasurementvector ã is givenfrom Figure3.13,as
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ã Ì Ë
in Ù Ë out (3.41)

In additionthedistanceof theopticalpath ä of thelaserbeam,is calculatedbyäªÌ Ý Ë
in
Ý Ù Ý Ë

out
Ý

(3.42)

3.3 RF Metr ology

This sectionbriefly describestheRF systemneededbeforethelasermetrologysystem
canbeactivated. Whenthesatellitesof the formationarereleased,theopticalpathto
thespheremustbeestablished.Sincetheconditionsafterreleasearerandom,within a
givensphericalradius,anomni-directionalsensorsystemis needed.

Themainproblemof usingRF metrologyis power. To keepthespheresatelliteat low
cost,the useof solarpanelsshouldbe avoided,sinceit would requirestabilizationof
thesphere.Otherwisethelaserbeamcouldhit thesolarpanelsinsteadof thespherical
mirror. However the useof batteriesmountedinsidethe spheresolves this problem,
but will limit the operationaltime of the RF metrologysystem. To minimize power
consumptionit is chosento transmita simplesinesignal from the sphere,andfit the
two fully equippedsatelliteswith antennas,capableof measuringa LOS vectorto the
sphere.

Measuring the LOS Vector

Theconceptof usinganarrayof antennasto measuretheLOS vectoris equivalentto
theoneusedin GPSbasedattitudedetermination,whereanarrayof antennasmeasure
anLOS vectorin a bodyframe.Figure3.14shows a baselineå spannedby themaster
andslave antennas.Givenanincomingwave signal,a phasedifferenceæ , betweenthe
measurementsis acquired.

It is seenfrom Figure3.14that thephasedifferenceæ , betweenthesignalson the two
antennas,is the lengthof a projectionvector, obtainedby projectingthebaselineonto
the LOS vector pointing towardsthe signal source. The lengthof this projectionis
written

æ8Ìºçççç å�è ÊË LOSÝ ÊË LOS
Ý ß ÊË LOS çççç ÌÕå�èéÊË LOS

Ý ÊË LOS
Ý Ìêå�è�ÊË LOS (3.43)
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Slave antenna

Plane wave

LOS LOSr r^ ^

Figure3.14: Two antennasmeasuringthe samewavesignal but with a phaseshift æ ,
dependingon theangle ë . Theplanewaveis generatedby a source in the
directionof ÊË LOS.
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The lengthof theoppositeprojectionæ�ì , that is the projectionof the LOS vectoronto
thebaseline,is givenby

æ ì Ì çççç ÊË LOS èqåÝ å Ý ß å çççç Ì ÊË LOS èqåÝ å Ý ß Ý å Ý Ì æÝ å Ý (3.44)

Knowing that the projectionof the LOS vectorontoa baselinecanbe obtainedusing
Equation3.44, the baselinescanbe chosento form a Cartesiancoordinatesystem,as
shown in Figure3.15.
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Figure3.15: Definingthreebaselineson theaxesof a Cartesiancoordinatesystem.

By definitionof theCartesiancoordinates,theLOSvectorto thesignalsource,is

ÊË LOS Ì íî æ�ì Ïæ�ìßæ�ìïñðò Ì íóî�ôöõ÷ ø õ ÷ô\ù÷ ø ù ÷ô\ú÷ ø ú ÷ ðzûò (3.45)

whereæ Ï , æ ß , and æ ï arethephasedifferencesmeasuredby antennasspanningthebase-
lines å Ï , å ß , å ï , respectively. Notethat thebaselinevectoris definedpointingfrom the
masterantennato theslave antenna,hencethemasterantennawill, in theconfiguration
shown in Figure3.15,be at the origin of the üþý�ÿ frameandis commonfor all three
baselines.

RequiredNumber of Baselines

That in fact threebaselinesarenecessary, is bestshown by illustration. In Figure3.16
onebaselineis illustrated. Given a phasedifferencebetweenthemeasurementon the
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two antennasof thebaseline,aninfinite numberof unit LOSvectorsarefound,defining
a circle aroundthe baseline.This circle representsthe solutionsof LOS vectors,that
resultsin thegivenphasedifferenceæ , whenprojectingthemontothebaselineå Ï . An
arbitrarysolutionis alsoillustratedin thefigure.

LOSr

b1

^

Figure3.16: Illustrationof theinfinitenumberof unit LOSvectors,which will resultin a
measuredphasedifferenceonbaselineå Ï , representedbythecirclearound
thebaseline.

Usingtwobaselines,asshown in Figure3.17,will resultin anoverlapof thetwo circles.
Theintersectionsof thetwo circlesrepresentstheonly two solutions,giving aunit LOS
vectorresultingin two measuredphasedifferences.Oneof thesesolutionsis illustrated
in thefigure.

1bb2 LOSr̂

Figure3.17: Illustration of the infinite numberof solutionsgiving the phasemeasure-
menton either baseline. The intersectionof the circles are the two unit
LOSvectors,which resultin givenmeasurementsfrombothbaselines.

In orderto acquireanuniquesolution,a third baselinemustbeused,asit is shown in
Figure3.18.Henceusingthreenon-parallelbaselines,a uniqueunit LOS vectorcanbe
found.Usingthreemutualorthogonalbaselines,resultsin thesolutiongivenin Equation
3.45.
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b1
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Figure3.18: Illustration of threebaselines.Theintersectionof thethreecirclesdefines
the unit LOSvector resultingin the threemeasurementsobtainedon the
baselines.

EstablishingThe Optical Path

Giventhedirectionof thespherefrom Equation3.45,andaunit vector ÊË b, whichshould
bepointedin thesamedirection,anexpressionof theattitudeerroris sought.ThevectorÊË b is introducedbecausetheLOS vectorof thesphere,measuredon thespacecraft,is
thedirectionof thetransmittedsignal,andnot thepoint to wherethelaserbeamshould
bepointed. ÊË b is thevectorthatmustbeparallelto thesphereLOS, in orderto acquire
theopticalpathof the lasermetrologysystem.Thevectoris givenwhenthedirection
of theexiting laserbeamis chosen.Theattitudeerroris to beinterpretedastherotation
of thesatelliteneeded,in orderto point thelasertowardsthesphere.

Due to an attitudeerror betweenthe satelliteframeandthe sphereframe,the vectorsÊË LOS and ÊË b arenot parallel.FromFigure3.19it canbeseenthattheattitudeerroris a
rotation

Ó
arounda vector, givenby thecross-productof thetwo vectors.Notethatthe

vector ÊË LOS is lockedwith respectto areferenceframe.Hencearotationof thesatellite,
will changetheanglebetweenthevectors.

Theattitudeerror of thesatellite,canbe expressedby the quaternion��� , andis given
by [DanBhanderiet al.,2000]

��� Ì �
cos Ð�� ß ÒÊË sin Ð � ß Ò�� (3.46)
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Figure3.19: Thetwo vectorsare not parallel, becauseof a rotationerror

Ó
, aroundthe

cross-productof thevectors.

where 	 denotestheangleof rotationaroundtheunit vector ÊË . Substitutingthevalues
of Figure3.19,yields ��� Ì�
 cos Ð� ß Ò���Y LOS � �Y b÷ �Y LOS � �Y b

÷�� sin Ð � ß Ò�� (3.47)

where

Ó
is givenby Ó Ì ÊË LOS è�ÊË b (3.48)

Thepurposeof theRF controlsystemis to minimizetherotationerror ��� . This is not
includedin this project.
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Chapter 4
Modeling

This chapterderivesthemathematicalmodelsneededto describethepositionandatti-
tudeof the satellites.In additionthe disturbanceof the solarpressureis investigated,
andsimplifiedmodelsof thesensorandactuatorhardwareareobtained.

4.1 RelativeMotion

This sectionderives the equationsof relative motion, describingthe position of one
spacecraftrelative to another. Theresultingequationsareusedto modelthemotionof
the two fully equippedsatelliteswith respectto the spheresatellite. Sincethe sphere
satellitecannotbe controlled,it makessenseto usethe relative positionasreference.
The attitudeof the spacecraftsarenot consideredin this section,but aredescribedin
Section4.2onpage52. Thissectionis basedon thework in [Ankersen,2000].

In aninertial frame,thepositionof thespheresatelliteis denotedË b andthepositionof
any chasingsatelliteis denotedË c, usedin Rendez-vousanddockingterminology. The
chasingsatellitein the caseof SMART-2, is oneof the fully equippedsatellites.The
relative positionof the chaserasseenfrom the sphereis denotedË s, as illustratedin
Figure4.1.

Thevector Ë s canbeexpressedas Ë
s Ì Ë

c É Ë b (4.1)

andtheaccelerationof Ë s is

45
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r s

r

b

c

r

Sphere

Chaser

Figure4.1: Thepositionof the sphere satelliteand a chaser, and the relativeposition
betweenthem.

�Ë
s Ì �Ë

c É �Ë
b (4.2)

The formationof SMART-2 will be orbiting theSunat theL2 lagrangianpoint of the
Earth-Sunsystem,in anEarthtrailing, heliocentricorbit. Hencethegravitationalforce
of the Earthcancelsout. The gravity force of the Sun, actingon a spacecraft,is in
generaldescribedasa functionof thespacecraftposition Ë andits mass� , givenby�

Sun à Ë�� � á ÌvÉ���� �Ý Ë Ý ß ÊË (4.3)

where � is theuniversalgravitationalconstantand � is themassof theSun.Equation
4.3canbewritten �

Sun à Ë�� � á ÌvÉ�� �Ý Ë Ý ï Ë (4.4)

realizingthat ÊË Ì ËÝ Ë Ý (4.5)

For thespheresatellite,Newton’ssecondlaw of motion,yield
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� b
�Ë

b Ì �
Sun à Ë b

� � b

á
(4.6)

whenassumingthat the gravitational force of the Sun is the only force actingon the
sphere.Themotionof thechasersatellite,is givenby� c

�Ë
c Ì �

Sun à Ë c
� � c

á Ù � ext (4.7)

wherethe force
�

ext is the sumof external forcesactingon the system,including the
controlthrust.

Sincedisturbancesonthesphereareassumedto bezero,any disturbanceactingonboth
spacecrafts,e.g. solarpressure,mustbe calculatedasthe relative force actingon the
chaser, thatis thedifferencebetweentheforceactingon thesphereandtheforceacting
on thechaser.

SolvingEquations4.6and4.7with respectto theaccelerationsof thesphereandchaser,
respectively, andinsertinginto Equation4.2,yields�Ë

s Ì �� c  � Sun à Ë c
� � c

á Ù � ext! É �� b

�
Sun à Ë b

� � b

á
(4.8)

FromEquation4.3thefunctiondescribingthegravitationalaccelerationis foundto be"
Sun à Ë á Ì �� � Sun à Ë�� � áÌvÉ �Ý Ë Ý ï Ë (4.9)

which insertedinto Equation4.8gives�Ë
s Ì " Sun à Ë c

á É " Sun à Ë b

á Ù �� c

�
ext (4.10)

Thegravitationalaccelerationof thechaser" Sun à Ë c

á
, canbeexpandedinto afirst order

Taylorseries,aroundthepositionof thesphereË b, which is givenby"
Sun à Ë c

á Ì " Sun à Ë b

á Ù d" Sun à Ë á
dË çççç Y$#�Y b  Ë c É Ë b ! (4.11)



48 Modeling

InsertingEquation4.11into Equation4.10andrecallingEquation4.1,yields�Ë
s Ì d" Sun à Ë á

dË çççç Y$#�Y b

Ë
s Ù �� c

�
ext (4.12)

Thederivativeof " Sun à Ë á with respectto thevector Ë is

d" Sun à Ë á
dË çççç Y$#�Y b

Ì íóî&%(' Sunõ XZY b [%() bõ %(' Sunõ X Y b [%() bù %(' Sunõ XzY b [%�) bú%(' Sunù XZY b [%() bõ %(' Sunù X Y b [%() bù %(' Sunù XzY b [%�) bú%(' Sunú XZY b [%() bõ %(' Sunú X Y b [%() bù %(' Sunú XzY b [%�) bú ð ûò (4.13)

where * SunÏ à Ë b

á
, * Sunß à Ë b

á
, * Sunï à Ë b

á
, + b Ï , + b ß and + bï aretheelementsof the " Sun andË

b vectors,respectively. Thederivativeof thediagonalelementscanbeexpressedas, * Sun- à Ë b

á, + b- ÌvÉ.� ,, + b-0/ + ßb Ï Ù1+ ßbß Ù2+ ßbï$3 Î ú ù + b-ÌvÉ.� � / + ßb Ï Ù1+ ßb ß Ù2+ ßbï$3 Î ú ù É54× / + ßb Ï Ù1+ ßbß Ù2+ ßbï$3 Î�6 ù × + ßb- �ÌvÉ �Ý Ë
b
Ý ï � � É 4 + ßb-Ý Ë

b
Ý ß � � 798  � � 4 ! (4.14)

Theremainingelementsof thematrix in Equation4.13,aregivenby, * Sun- à Ë b

á, + b: Ì�É�� ,, + b:;/ + ßb Ï Ù2+ ßb ß Ù2+ ßbï$3 Î úù + b-Ì<� 4× / + ßb Ï Ù2+ ßb ß Ù1+ ßbï 3 Î 6ù × + b: + b-Ì 4 �Ý Ë
b
Ý = + b: + b- � 7>�@?A8  � � 4 !CB 7EDÌ ? (4.15)

Thederivativeof thegravitationalaccelerationfunctioncannow beinsertedinto Equa-
tion 4.12,giving

�Ë
s Ì �Ý Ë

b
Ý ï íóóî 4 ) ùbõ÷ Y b

÷ ù É � ï÷ Y b
÷ ù + b Ï + bß ï÷ Y b

÷ ù + b Ï + bïï÷ Y b
÷ ù + b Ï + bß 4 ) ùb ù÷ Y b

÷ ù É � ï÷ Y b
÷ ù + b ß + bïï÷ Y b

÷ ù + b Ï + bï ï÷ Y b
÷ ù + bß + bï 4 ) ùbú÷ Y b

÷ ù É � ð ûûò
Ë

s Ù �� c

�
ext (4.16)
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which is is written in shorthandas�Ë
s Ì �Ý Ë

b
Ý ïGF Ë

s Ù �� c

�
ext (4.17)

The above equationis for an inertial frame,hencethe Ë s vectormustbe given in an
inertial frame,denotedËIHs. It is thedynamicsof therelativeposition,whicharesought.
Introducingan orbit frame,which rotateswith angularvelocity J o andsharesorigin
with the sphereframe, the derivative of ËIHs can be expressedin termsof the relative
positionvectorin theorbit frame,denotedËLKs. Assumingthatthesphereis in a circular
orbit with constantangularvelocity J o, theinertialaccelerationcanbeexpressedas

Ð �Ë Hs Ò K Ì �Ë K
s ÙMJ o N  J o N Ë Ks ! Ù × J o NPOË Ks (4.18)

Substitutinginto Equation4.17yields�Ë K
s ÙQJ o N  J o N Ë Ks ! Ù × J o NPOË Ks É �Ý Ë K

b

Ý ïRF Ë K
s Ì �� c

� K
ext (4.19)

Defining the orbit frame in a convenientway, simplifies J o and ËLKb and as a result,
Equation4.19simplifiesaswell.

Orbit Frame

Theorbit frameisdefinedasastandardPDPframe[Ankersen,2000]. It hasoriginatthe
centerof thesphere.The ü o axisis in thedirectionof thevelocityvectorandtangential
to theorbit. The ÿ o axisis in thedirectionof theSun.The ý o axis is formedin a right
handedsystem.Theorbit frameis illustratedin Figure4.2.

x

ySun

z

o

o

o

Sphere center

Sphere orbit

Figure 4.2: Definitionof theorbit frame.
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Position Dynamicsin the Orbit Frame

Giventhedefinitionof theorbit frame,thepositionandangularvelocity of thesphere
framecanbeexpressedas

Ë K
b Ì íîMSSÉ0+ bðò (4.20)

J o Ì íî SÉET oS ðò (4.21)

InsertingEquations4.20and4.21into Equation4.19,yields

íî �+ sÏ�+ sß�+ sï ðò Ù íîUSÉVT oS ðò N T o íî ÉW+ sïS+ sÏ ðò Ù × T o íî É O+ sïSO+ sÏ ðò É �+ ïb íî É � S SS É � SS S × ðò íî + sÏ+ sß+ sï ðò Ì
íî �+ sÏ�+ sß�+ sï ðò ÉXT ßo íî + sÏS+ sï ðò Ù × T o íî É O+ sïSO+ sÏ ðò É �+ ïb íî ÉW+ sÏÉW+ sß× + sï ðò Ì �� c

íî>Y extÏY extßY extï ðò
(4.22)

whereall vectorelementsaregiven in theorbit frame. The indicationof frameis left
out in Equation4.22andin theremainingequationsof thissection,sinceall vectorsare
givenin theorbit frame. Writing Equation4.22in termsof theelements,thestandard
form of theClohessy-Wiltshiredifferentialequationsareobtained,givenby

�+ sÏ ÉZT ßo + sÏ É × T o O+ sï Ù �+ ïb + sÏ Ì �� c Y extÏ�+ sß Ù �+ ïb + sß Ì �� c Y extß (4.23)�+ sï ÉXT ßo + sï Ù × T o O+ sÏ É × �+ ïb + sï Ì �� c Y extï
Giventhevectorsof Equations4.20and4.21,thesquaredangularvelocity of a circular
orbit canbeexpressedas
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T ßo Ì �Ý Ë
b
Ý ï (4.24)Ì �+ ïb (4.25)

which insertedinto Equation4.23yields�+ sÏ É × T o O+ sï Ì �� c Y extÏ�+ sß ÙXT ßo + sß Ì �� c Y extß (4.26)�+ sï Ù × T o O+ sÏ É 4 T ßo + sï Ì �� c Y extï
In orderto representthe dynamicsof Equation4.26 in the statespaceform, the state
vector ü is definedas

ü|Ì íóóóóóóî
+ sÏ+ sß+ sïO+ sÏO+ sßO+ sï ð ûûûûûûò (4.27)

andtheinputvector [ as [ÚÌ íî\Y ctrl ÏY ctrl ßY ctrl ï ðò (4.28)

Equation4.26expressedin thestatespacenotation,yields

Oü Ì íóóóóóóî
] ï � ï ^Fï � ïS S S S S × T oS ÉVT ßo S S S SS S 4 T ßo É × T o S S

ð ûûûûûûò ü¸Ù
íóóóóóóî

] ï � ïÏ_
c S SS Ï_

c SS S Ï_
c

ð ûûûûûûò [ (4.29)
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where
] ï � ï is the3 by 3 zeromatrix,and ^ ï � ï is the3 by 3 identitymatrix. Thecontrol

forceof thethrustersis denoted
�

ctrl, andis insertedastheexternalforceto thesystem.

Recallingthat the statevector ü is given in theorbit frame,the dynamicsof the state
spacesystemin Equation4.29,describesthemotionof a chasersatelliteseenfrom the
orbit frame,whichrotatesasthespheremovesin its orbit.

4.2 Modeling SatelliteAttitude

This sectiondescribesthe equationsusedfor modelingthe kinematicsanddynamics
of satelliterotations. It is basedon thework previously donein [Dan Bhanderiet al.,
2000],whichshouldbeusedasreference,if nototherwisespecified.

Thedirectcosinematricescontainnineparameterswith threedegreesof freedom.Due
to thisredundancy, numerouswaysof representingthesatelliteattitudewith aminimum
setof parametershave beendeveloped. Euler anglesdescribethe rotationaroundthe
principalaxesandusethereforeonly threeparameters.Howeversomesingularitiesarise
for somerotations,which is why Euleranglesarecommonlyusedwhentheattitudeof
theobjectinvolved,is known to bewithin acertainmargin [JamesR. Wertz,1978].

Quaternionsusefour parameterswith a singleconstraint,to representattitude,andare
subjectto no singularities.This is usefulwhenconsideringthattheattitudeof a space-
craft is usuallyunknown afterthereleasefrom thelauncher. For thisreasonquaternions
are commonlyusedin spaceapplicationsand also for this project. Appendix B on
page115givesa brief descriptionof thequaternionsandtheiralgebra.

Themodelingof a satellite’s rotationis dividedinto thekinematicequationandthedy-
namicequation.Thekinematicequationdescribesthechangein theattitudeparameters
of thesatellite,regardlessof theforcesactingonit. Thedynamicequationdescribesthe
timedependentparametersasfunctionsof outerforces.

Kinematic Equation

Let theattitudeof asatelliteat time ` and `�Ùbac` bedenoted�¬àd` á and ��àe`�Ù2ac` á . If the
rotationof thesatellitein thetime period ac` is denoted�¡à@ac` á , thepropagationof the
attitudefrom ` to ` Ù1af` canbewritten

�¡àe` Ù1af` á Ìg��àe` á ��àhaf` á (4.30)

Writing �¬àeac` á in termsof rotationangleaji aroundthevector [ in time af` , yields
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��à@ac` á Ì íóóî cos Ð�kIlß Òm Ï sin Ð&kIlß Òm ß sin Ð kIlß Òm ï sin Ð kIlß Ò ð ûûò (4.31)

Assumingthat [ and aji areconstantover thetime af` , andusingthedefinitionof the
quaternionproduct,Equation4.30is written

��àd` Ù1af` á Ì íóóî cos n aoi×qp ^sr � r Ù sin n aoi×tp íóóî S É m Ï É m ß É m ïm Ï S m ï É m ßm ß É m ï S m Ïm ï m ß É m Ï S ð ûûò ð ûûò ��àd`
á

(4.32)

where ^ r � r is the 4 by 4 identity matrix. For infinite small time steps, aji can be
approximatedby aji«Ì Ý J s

Ý af` (4.33)

where J s is the instantaneousangularvelocity of the satellite. Using small angleap-
proximationsof sineandcosine,Equation4.32canbeexpressedas

��àd` Ù2ac` á Ì � ^sr � r Ù af`×Xu � �¡àe` á (4.34)

where

u Ì Ý J s
Ý íóóî S É m Ï É m ß É m ïm Ï S m ï É m ßm ß É m ï S m Ïm ï m ß É m Ï S ð ûûò (4.35)

Realizingthat [ Ì ÊJ s, Equation4.35canbewritten

u Ì íóóî S ÉET sÏ ÉVT sß ÉVT sïT s Ï S T ï ÉVT ßT sß ÉET sï S T sÏT sï T sß ÉVT sÏ S ð ûûò (4.36)
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Thedifferentialequationof ��àe` á is definedas

O�¬àe` á Ì vxwzykI{x|~} �¡àe` Ù1af`
á ÉM��àe` áac` (4.37)

InsertingEquation4.34yieldsthesoughtkinematicdifferentialequation

O��àd` á Ì �× u ��àd` á (4.38)

Dynamic Equation

Thedynamicequationof motion is derivedfrom thechangein angularmomentumof
the spacecraft.An expressionfor the changein angularvelocity, asa functionof the
appliedtorquesis sought.Theangularmomentum� , is givenby

� Ì �� - # Ï � -Ì �� - # Ï Ë -�N � -���- (4.39)

whereË - is thepositionof the 7 th particlewith mass� - andvelocity ��- . Takingthetime
derivativeof Equation4.39,yields

O�tÌ �� - # Ï  � - N � - � - Ù Ë - N � - " - ! (4.40)" - being the accelerationof the 7 th particle. The first term underthe summationof
Equation4.40is a crossproductof two parallelvectors,which is zero. Realizingthat� - " - is theforceactingon the 7 th particle,yields

O� Ì�� ext (4.41)

where � ext is thesumof externaltorquesactingon thespacecraft.Equation4.41only
holdsif the internaltorquessumup to zero[JamesR. Wertz,1978]. An expressionof
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thederivativeof theangularmomentumin termsof thespacecraft’s angularvelocity is
sought,in orderto obtainthedynamicequation.

In an inertial frame � , the angularmomentumof thespacecraftcanbe expressedasa
functionof theangularvelocity J s andthemomentof inertiamatrix � of thespacecraft,
by � H Ì�� H J s (4.42)

Sincethe momentof inertia is moreconvenientlyexpressedin the body frame � of
thespacecraft,theangularmomentumis found in thebody frame. Thebody frameis
centeredat the spacecraftcenterof mass,andthe axesarealignedwith the principal
axesof thespacecraft.Theattitudematrix �A�H , representstherotationfrom theinertial
frameto thespacecraftbodyframe,whichis usedto representEquation4.42in thebody
frame,yielding �\� ÌU�A�H � H (4.43)

Thederivativeof �\� is givenby

O� � Ì d
d̀
Ð��A�H � H ÒÌ O� � H � H Ù1�A�H O� H (4.44)

In orderto obtainan expressionfor O� � H , considerthe kinematicequationfor rotating
systems,which for theangularmomentumvector � isÖ O� H Û � Ì O� � ÙMJ s N �\�� O� � Ì Ö O� H Û � ÉMJ s N � � (4.45)

Since Ö O� H Û � Ìg���H O� � , combiningEquations4.44and4.45,givesO� � H � H ÌvÉ.J s N �\�ÌvÉ.J s N / �A�H � H 3 (4.46)
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Definingthecrossproductmatrix functionas

S à�J á�� íî�S ÉET ï T ßT ï S ÉET ÏÉET ß T Ï S ðò (4.47)

whereJ is anarbitraryvector, Equation4.46is written

O� � H � H Ì�É S àeJ s

á � � H � H (4.48)

SinceEquation4.48 holds for all � H , the soughtexpressionfor the derivative of the
attitudematrix is

O� � H Ì�É S àeJ s

á �A�H (4.49)

InsertingEquation4.49into Equation4.44,gives

O� � ÌvÉ S àeJ s

á �A�H � H Ù1�A�H O� H (4.50)

Recallingfrom Equation4.41,thatthederivativeof theangularmomentumis theexter-
nal torquesandapplyingtheattitudematrix rotationsin Equation4.50,yields

O� � ÌvÉ S àeJ s

á � � Ù1� �ext (4.51)

Finally theangularmomentumis expressedin termsof themomentof inertiaandthe
angularvelocity, asgivenin Equation4.42.Solvingwith respectto OJ s, givesthesought
nonlineardifferentialequation,written in theform

OJ s Ì�� Î�Ï  � ext ÉMJ s N �~J s! (4.52)

wherethesuperscriptof frameis left out,sinceall vectorsandmatricesaregivenin the
spacecraft’s bodyframe.
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4.3 Linearization of Attitude Equations

In this sectionthe attitudedynamicand kinematicequationsare linearizedarounda
working point of the states,basedon the work in [Dan Bhanderiet al., 2000]. As a
consequencethesystemdescriptionwill containthesmallsignalsof thestates.

Thenon-linearsystemmatrix � nl à ü � ` á describingthesatellite’s rotation,is foundby
combiningEquations4.38onpage54and4.52on thefacingpageto be

� nl à�ü � ` á Ì � Ïß u �� Î�Ï à®É�J s N �EJ s

á � (4.53)

where

üÚÌ � �J s� (4.54)

An expressionin thelinearizedform Oü ÌU�vàe` á ü is sought.Thekinematicanddynamic
equationsarelinearizedseparatelyin thefollowing.

Kinematic Equation

For thelinearizationof thekinematicequation,theattitudequaternionof thesatellite�
is written, in termsof a workingpoint �� andsmallsignal �� , as

�¸ÌP������ ��¸Ì ����>� (4.55)

where �� � is thecomplex conjugateof �� . Recallingthedefinitionof
u

in Equation4.35
on page53 and the definition of quaternionproducts,the kinematicequationcanbe
written in termsof a quaternionproduct,as

O�¸Ì �× �����
s

(4.56)

wherethequaternion���
s
is definedby
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���
s
Ì � SJ s� (4.57)

UsingthechainruleandEquation4.56,thederivativeof thesmallsignalattitudequater-
nionof Equation4.55canbeexpressedas

O��¸Ì O�� � �8ÙU�� � O�Ì �× / Ð�������� s Ò � �8ÙU�� � ����� s
3Ì �× / É����� s

����>�8Ù �������� �
s
3Ì��× / É�� �� s

��8Ù�������
s
3 (4.58)

where� ��
s
is definedasin Equation4.57,wheretheworkingpointof theangularvelocity�J s is inserted.Notethatthecomplex conjugateof a quaternionrepresentstheopposite

rotation. Hencethe reverserotationdefinedby a sequenceof rotations,is the reverse
sequenceof eachrotationcomplex conjugated.Thecomplex conjugateof �E��

s
is simplyÉ�����

s
, sincethescalarpartis zero.

Theangularvelocity is defined,in termsof a workingpoint �J s andsmallsignal �J s, as

J s Ì �J s Ù �J s (4.59)

hence� �
s
canbewritten

���
s
Ì � S�J s Ù��J s�Ì�����

s
ÙQ����

s
(4.60)

InsertingEquation4.60in Equation4.58,andrecognizingthat theassociative rule ap-
pliesfor quaternions,yields

O��ÆÌ �× / É.� �� s
��8Ù����� ��

s
3 Ù �× ���� ��

s
(4.61)

A quaternioncanbeexpressed,in termsof ascalarpartanda vectorpart,as
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�¸Ì �A� Ï� ß Î r � (4.62)

where � ß Î r is a vectorcontainingthe 2nd, 3rd and4th elementof � . If �� is a small
rotation, �� Ï approachesoneand �� ß Î r approacheszero.Hencethequaternionproductof
thelasttermin Equation4.61canbeapproximatedby

�������
s
Ì � S É �J T

s�J s É S à �J s

á � � � Ï�� ß Î r �Ì � É �J T
s �� ß Î r�J s

� Ï É S à �J s

á �� ß Î r �¡ � ��
s

(4.63)

whereS àR�J s

á
is thecrossproductmatrix function,definedin Equation4.47on page56,

appliedon �J s. Theterms� ��
s
�� and ���� ��

s
of Equation4.61,canbeexpressedas

� ��
s
��¸Ì � S É �J T

s�J s É S à �J s

á � � � Ï�� ß Î r �Ì � É �J T
s �� ß Î r�J s

� Ï É S à �J s

á �� ß Î r � (4.64)

and ���� ��
s
Ì � �� Ï É �� Tß Î r�� ß Î r É S Ð �� ß Î r Ò Ù �� Ï ^ ï � ï � � S�J s�Ì � Éj�� Tß Î r �J sÉ S Ð��� ß Î r Ò �J s Ù �� Ï �J s� (4.65)

Insertingtheapproximationof Equation4.63andtheresultsof Equations4.64and4.65
in Equation4.61,yields

O��¸Ì � SÉ S à¢�J s

á � ��8Ù£�× � ��
s

(4.66)

which is thesoughtlinearizedkinematicequation.
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Dynamic Equation

Thedynamicequationis linearizedusingfirst orderTaylorexpansionaroundthework-
ing point �J s. Theexternal torquesaredisregardedin the linearization,sincethey are
alsothecontrolinput. They areaddedascontrolinput in thefull statespacerepresenta-
tion in Section4.6.

Thederivativeof thesmallsignalangularvelocitydescribesthelinearizeddynamicsof
thesystem,andcanbeexpressedas

O�J s
¡ É��ÂÎ�Ï d àeJ s N �~J s

á
dJ s

çççç � s # �� s

�J sÌ É¤�¿Î�ÏC
�É d
dJ s

S à��EJ s

á J s çççç � s # �� s

Ù d
dJ s

S àeJ s

á ��J s çççç � s # �� s
� �J sÌ�� Î�Ï  S à�� ¥J á É S à �J s

á � ! �J s (4.67)

Linear Attitude Model

Thenon-linearsystemcannow be expressedin a linear statespacemodel. However,
observingEquation4.66,it is seenthatthescalarelement

� Ï haszerodynamics.This is
expected,sinceit canbeapproximatedto onefor smallangles.Hencethestatevectoris
reducedto six statesbeingthesmallsignalsof thestatesin thenon-linearmodel,which
is written

ü Ì � �� ß Î r�J s � (4.68)

Whenobtainingthequaternionfrom thereducedstatevector, thescalarelementshould
besetto oneandtheresultnormalized,sincethis is not ensuredby thelinearizedkine-
maticequation.

Thelinearizedattitudemodelcannow beexpressedas� O�� ß Î rO�J s � Ì � É S à �J s

á Ïß ^ ï � ï] ï � ï � Î�Ï  S à�� �J s

á É S à �J s

á � ! � � �� ß Î r�J s � (4.69)
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4.4 Solar Pressure

The most significantsourceof disturbancein the dynamicequationsof attitudeand
relative position,is thesolarpressure.Thereforthedynamicequationsof theforceand
torquecausedby theSunarederived.

SMART-2 consistsof two fully equippedsatellitesandthe spheresatellite. However
whenconsideringsolarpressure,thegeometryof thefully equippedsatellitesmustalso
beknown. Sincethesatellitesusedfor DARWIN aretelescopeflyers,thesamegeomet-
ric compositionis assumedfor theSMART-2 satellites,exceptfor thespheresatellite.

Solar Force

Figure4.3showsatelescopeflyer satellite,which is exposedto solarflux, whichenters
at an angle È . A sunscreenwith radius ¦ s is mountedon the satellite,to protectthe
opticsfrom theSunlight. Integratingover thepointsof contact,a centerof pressureis
acquired.Thecenterof massis in a displacementbelow thecenterof pressure.Dueto
thesymmetricalshapeof thesatellite,bothpointsareon theline spannedby thetarget
starLOS.

êSun

Target star LOS

θ

Center of pressure

Center of mass

Solar flux

Rs

Sunscreen

Figure4.3: A telescopeflyersatelliteexposedto thesolarflux.

The forceactingon the telescopeflyer dependson the angle È , of the incomingsolar
flux. Thesolarflux vectoris in theoppositedirectionof theSunLOSvector Ê§ Sun. Since
thevectorfrom thecenterof massto thecenterof pressureis parallelto thetargetstar
LOS, theresultingforceof thesolarflux

�
Sun/tf, is obtainedby projectingthesolarflux

force
�

flux, actingon thecenterof pressure,ontothetargetstarLOS,giving
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�
Sun/tf Ì �

fluxcos à�È á (4.70)

Theforceof theflux canbeexpressedin termsof thethesolarmomentumandthearea
of thesunscreen,as[Bonnet,2000]�

flux Ì�É ×©¨ª Ô«¦ ßs Ê§ Sun (4.71)

where
¨

is thesolarflux, ª is thevacuumvelocity of light, and ¦ s is the radiusof the
sunscreen.Thesolarmomentumis multipliedby afactortwo, implying thatthesurface
of thesatelliteis reflective.

CombiningEquations4.70and4.71,yieldstheequationof thesolarforceactingon the
telescopeflyers �

Sun/tf ÌvÉ ×©¨ª Ô«¦ ßscosà�È á Ê§ Sun (4.72)

In asimilarmanner, thesolarforceactingon thesphereis derived.

Thecenterof pressureonthespheresatelliteis onthesurfaceof thesphere,andthevec-
tor from thecenterof pressureto thecenterof mass,is alwaysparallelto theincoming
flux, asillustratedin Figure4.4.

êSun

Solar flux

Center of mass

Center of pressure

Sphere

Figure4.4: Thesphere satelliteexposedto solarflux.

Theareaof whichthesolarflux hits thesphereis equalto thesurfaceof half thesphere,
andthesolarforceactingon thespherecanbeexpressedas�

Sun/b Ì�Éj¬ ¨ª Ô«¦ ßb Ê§ Sun (4.73)
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where ¦ b is theradiusof thesphere.

Thedynamicequationsof relative position,requirethat theexternalforcesusedin the
equationsarealsorelative,hencetherelative force

�
Sun/rel is foundto be�

Sun/rel Ì � Sun/tf É � Sun/bÌvÉ ×s¨ª Ô«¦ ßscosà�È á Ê§ Sun Ù ¬ ¨ª Ô«¦ ßb Ê§ SunÌ ×©¨ª Ô / × ¦ ßb É2¦ ßscosà�È á 3 Ê§ Sun (4.74)

Dividing theforcesby themassesof thetelescopeflyer andthespheresatellite,respec-
tively, therelativeaccelerationis givenby"

Sun/rel Ì ×s¨ª Ô � × ¦ ßb� b
É ¦ ßs� s

cos à È á � Ê§ Sun (4.75)

Thefictive force, to be insertedin the relative positiondynamicsof Equation4.29on
page51,is foundby usingNewton’s secondlaw of motion�

Sun ÌU� s
"

Sun/rel (4.76)

Whenthesolarforce is insertedin Equation4.29on page51, therelative acceleration
is addedto thederivative of thevelocity state.The fact that inputsto thedynamicsis
dividedby � s to obtaintheaccelerationof thechaserrelativeto thesphere,is thereason
why a relative force mustbe inserted.For control inputs,the thrusterforce is always
relative,sincethey only acceleratethesatelliteonwhich they aremounted.

It shouldbenotedthatthemodelingof thesolarpressureassumesthatthesolarflux is
constant.Sincethesolarflux in fact variesarounda workingpoint, it is simulatedasa
biasedwhitenoise.

Solar Torque

Thetorqueresultingfrom thesolarflux canbe foundasthecrossproductof theforce
andthevectorpointingfrom thecenterof massto thecenterof pressure.For thesphere
satellitethistorqueis alwayszero,sincethetwo vectorsareparallelatall times.For the
telescopeflyer satellite,thesolartorque� Sun is� Sun Ì Ë

COP N � Sun/tf (4.77)
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where Ë COP is the vectorfrom the centerof massto the centerof pressure.Inserting�
Sun/tf asgivenin Equation4.72,yields

� Sun ÌvÉ ×©¨ª Ô«¦ ßs  ÊË COP N § Sun! (4.78)

4.5 Modeling Sensorsand Actuators

This sectionderivesthe modelsusedfor the sensorandactuatorhardware.The sen-
sor systemconsistsof gyroscopes,startrackersandthe lasermetrologysystem.The
actuatorsareFieldEmittingElectricPropulsion(FEEP)thrusterswith � N quantization.

Themodelingof thehardwareis not investigatedin detail,hencethederivedmodelsare
simplified,comparedto modelin otherdocuments.Themodelsareassumedadequate
for simulationpurposes.

Thequantizationof thedigital componentsarenotincludedin themathematicalmodels,
but areincludedin thesimulationmodel.

Gyroscopes

Gyroscopesareusedto measurethe angularvelocity of a satellitewith respectto an
inertial frame. Theoutputof a gyroscopeis a voltagethat is proportionalto theangu-
lar velocity aboutan input axis, definedby the gyroscope’s orientation. The angular
velocityof thesatelliteJ s is givenby [JamesR. Wertz,1978]J s ÌU m Gyro Ê§ Gyro (4.79)

where m Gyro is the voltageoutput of the gyroscopeand Ê§ Gyro is the input axis. The
proportionalfactor  , known asthescalefactor, is not known precisely, hencethereis
a biasederror in themeasurement.Misalignmentin the input axis alsocausesa bias.
Dueto aninternaldrift in thegyroscopeshardware,thereis a drift in theoutput,which
divergesat a certainrateover time. Hencethemeasuredangularvelocity J Gyro canbe
expressedas[JamesR. Wertz,1978]J Gyro Ì�à � Ù¯® sf

á Ê§ Gyro è�J s Ù1° align Ù1° drift Ù2± (4.80)

where ® sf is thescalefactorerror, ° align is thealignmenterrorof thegyroscope’s input
axis, ° drift is theinternaldrift and ± is zeromeanwhitenoise.
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Usuallytheconfigurationof thegyroscopesenablesthemeasurementof theangularve-
locity evenif onegyroscopefalls out. However for thesimulationusedfor thisproject,
threegyroscopeswill beconfiguredwith thespacecraftbodyaxesasinputaxes.Hence
theobtainedangularvelocity from Equation4.80for eachof thethreegyroscope,will
be the estimatedelementof the satellitesangularvelocity, correspondingto the input
axis.Theestimateof thesatellite’s angularvelocity ÊJ s canbewritten

ÊJ s Ì<J GyroÏ ÙMJ Gyroß ÙQJ Gyroï (4.81)

whereJ Gyro- is themeasurementof thegyroscopewhich hasthe 7 th bodyaxisasinput
axis.

Star Trackers

In orderto determinetheattitudeof a satellite,startrackersmakeuseof thepatternof
the stars. Themeasurementof the attitudeis biasedby an alignmenterror of the star
tracker. In additionthereis awhitenoise,which is commonlyexpressedasadispersion
in theEulerangles.In quaternionnotation,theattitude� st measuredby thestartracker
is givenby

� st Ìg� st��²I� align (4.82)

where � sat is the trueattitudeof thestartracker, � ² is theattituderesultingfrom zero
meanwhite noisein theEuleranglesand � align is theattitudebiascausedby theerror
in orientationof the startracker. Thenoiseattitude ��² is obtainedby an Euler 1-2-3
rotationsequenceof theroll, pitchandyaw errors.

Due to theCCD in a startracker, themeasuredattitudeof Equation4.82is subjectto
quantization,which is includedin thesimulationmodel.

Laser Metr ologySystem

Thelasermetrologysystemis usedto measuretherelative positionbetweentwo satel-
lites. The systemconsistsof a lasersourceanda CCD. The laserbeamexiting the
satellitemustbe pointedin a known direction,andthe CCD mountedwith a certain
orientation.Both arebiaseddueto alignmenterrors.In additiontheCCDcausesquan-
tization on the measurementvector ã , which dependson the resolutionof the CCD.
This is includedin thesimulationmodel.
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FEEP Thrusters

FEEPthrustersapplythenecessaryforceandtorqueto stabilizethesatellite.Thedirec-
tion of theappliedforceis biased,causedby misalignmentof thethruster. Theresulting
force

�
FEEPof theinput forcemagnitudeY ctrl from thecontroller, canbemodeledby

�
FEEP ÌU³ à � Ù¯® sf

á
Y ctrl

� �´ Ù ´ � � � ççç �´ Ù ´ � ççç Ì � (4.83)

where ³ is white noisewith meanvalueof one, ® sf is a scalefactorbias, Ê´ is theesti-
mateddirectionof thethrustwhich is anerrorof

´ � from thetruedirection. Thescale
factor ® sf is only a truebiasundertheassumptionthat the thrustis proportionalto the
inputof thehardware,which is assumed.

TheFEEPthrustersaresubjectto quantizationsin themagnitudeof thethrustandin the
minimumimpulsetime, includedin thesimulationmodel.

4.6 Full StateSpaceModel

Fromtheprevioussectionsof this chapter, a statespacemodelis soughtcontainingall
states.Thesystemmodelof thesatelliteis written in theform

Oü|ÌU�8ü¸Ù¯µ¶[ (4.84)ý ÌU·vü (4.85)

Theworkingpoint of thesatellite’s angularvelocity, is for SMART-2 zero,sincesatel-
lites aresoughtthreeaxisstabilized.If thespacecraftsarespinningthelasermetrology
systemis inapplicable.This is insertedin theattitudemodel.

Combiningtherelative positionmodelin Equation4.29on page51 andthe linearized
attitudemodelin Equation4.69onpage60,yields
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ctrl � (4.86)

wheretheinputvector [ is thecontroltorqueandforcegeneratedby theFEEPthrusters,
denoted� ctrl and

�
ctrl, respectively.

Theoutputequationstatedin Equation4.85,dependson the measurablequantitiesof
thestatevector. Usingstartrackers,gyroscopesandthelasermetrologysystem,nineof
thetwelve statescanbemeasured.Hencetheoutputequationbecomes

íî �� ß Î r�J sË
s ðò Ì / ^©º � º ] º � ï 3 íóóî �� ß Î r�J sË

sOË s

ð ûûò (4.87)

Thesystemmatricesof Equations4.84and4.85areidentifiedas

� Ì íóóóóóóî
] ï � ï Ïß ^ ï � ï] ï � ï ] ï � ï ]L¸ � ¸]L¸ � ¸ ] ï � ï ^ ï � ïS S S S S × T oS ÉVT ßo S S S SS S 4 T ßo É × T o S S

ð ûûûûûûò (4.88)

µ Ì íóóî ] ï � ¸� Î�Ï ] ï � ï] ï � ¸] ï � ï Ï_�¹ ^ ï � ï ðzûûò (4.89)· Ì / ^ º � º ] º � ï 3 (4.90)
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SystemPoles

Thesystempolesaregivenby theeigenvaluesof thesystemmatrix � [GeneF. Franklin
et al., 1994].Thesystemhassix polesin zero,andfour poleson theimaginaryaxis,as
plottedin Figure4.5. Note that the four complex polesareequalin pairsof two, and
closeto zero. Consideringthe magnitudeof the angularvelocity of an Earthtrailing,
heliocentricorbit, this resultis expected.
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Figure4.5: Plot of thesystempoles,equivalentto theeigenvaluesof � , in thecomplex
plane.
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Chapter 5
LaserMetrologyConfiguration

Beforethedesignof controllerscancommence,a configurationof the lasermetrology
systemis investigated.Thesystemoperateson baselinesspanningfrom

×¢»
m to

×¢» S m,
whenmeasuredfrom thesphereto thesatellite.It mustbeguaranteedthatthereflected
laserbeamwill hit theCCDof thesatellite,for all baselinesin this interval.

Theconfigurationis doneby selectingthefollowing parametersappropriately(seeFig-
ure3.11onpage32):¼ÚË

l-s. Theplacementof the lasersource,or moreaccurately, the point wherethe
laserbeamwill exit theplanespannedby theCCDsurface.¼ Ø . The pitch angleof the exiting laserbeam,measuredfrom the CCD plane
normal.¼ 	 . A rotationof thelaserframe,definingthedirectionof thepitchangleØ .¼ ¦�½ . Theradiusof thesphere.

Thepositionof thereflectedlaserbeamontheCCDplane,is givenby themeasurement
vector ã . It is the lengthof this vectorwhich is soughtlimited, suchthatthereflected
laserbeamwill hit the CCD, which is limited in size. Due to the symmetryof the
sphere,	 is chosento zerofor thisanalysis,since	 only influencesthedirectionof ã .
Giventhedimensionsof thesatellitesurface,on which theCCD is to beplaced,	 can
bechosenappropriately. Dueto thesamecircumstances,theplacementof thelaser Ë l-s

is only variedin onedirectionon thesatellitesurface,sinceit is only the lengthof Ë l-s

whichvariesthelengthof ã .

Given the above considerations,the configurationcanbe analyzedin the üþÿ planeof
the laserframe,whenchoosinga referenceof the satellitepositionin thesameplane,

71
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andassumingthatthesatellitereferenceattitudealignstheaxesof thesphereframeand
thelaserframeat this referenceposition.Thesetupis illustratedin Figure5.1.

x

z

Rb

r l−s

m r s

Sphere
Laser Beamγ

Satellite surface
(CCD plane)

Figure5.1: Setupusedfor analyzingpossibleconfigurationsof thelasermetrologysys-
tem.

Workingonly in the ü ÿ planesimplifiesthelimits of ã to a limit on thethird element� ï . Theplacementof the laserreducesto varying + l-sï andthebaselinelengthis given
by + sÏ .
Selectinga sphereradiusof ¦E½tÌ SR¾ » m, thelengthof themeasurementvector � ï , can
beplottedasa functionof the laserplacementandpitch angle. Figure5.2 shows this
plot for a baselinelengthof

×¢»
m.

Figure5.2shows thelengthsof themeasurementvector, forming thereflectionsurface,
asafunctionof moving thelaserin thenegativedirectionof ÿ , andpitchingit anegative
angle.Choosingnegativeplacementandnegativepitchangleresultsin theconfiguration
of Figure5.1,wherethelasersourceis underthehorizontalof ¿ Ì S andthereflection
is above. In additionto � ï , two planesareplottedin Figure5.2, i.e. thelaserposition
planeandtheCCDlimit surfaces,describedin thefollowing.

The laserpositionplaneis thepositionof the laseron thesatellitesurface.Theplane
is given by � ï ÌÀ+ l-sï . The intersectionof the laserpositionplaneandthe reflection
surfaceis a line, wherethe configurationwill result in a laserbeamreflectedbackto
the source,e.g. when + l-sï and Ø arezero,asshown in Figure3.8 on page30. The
configurationmustbechosensuchthatthereflectedlaserbeamis eitherabove or under
the lasersourcefor all distances,otherwise� ï will beunobservableat somebaseline
length.

The CCD limit surfaces,illustratesthe heightof a CCD placedadjacentto the laser
source,assumedto be approximately

×
cm, given a resolutionof

× S ¬sÁ N × S ¬sÁ anda
pixel separationof ÂÃ� m. The configurationshouldbe chosensuchthat the reflection
surfaceis betweenthelaserpositionplaneandeitherthepositiveor negativeCCDlimit
plane,for all baselines.
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Figure5.2: Plot of thedistanceto thepointwherethereflectedlaserbeamhitsthesatel-
lite surface,as a functionof the laser placement+ l-sï and pitch Ø , for a
baselinelengthof

×Ä»
m.
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For thevaluesof + l-sï and Ø in Figure5.2, thesurfaceof the reflectionis within these
limits, but this is not thecaseatmaximumbaselinelengthof

×Ä» S m, asshown in Figure
5.3.

FromFigure5.3 it is seenthat � ï is very sensitive to configurationadjustments,illus-
tratedby the largeslopeof thesurface.In bothplots it is seenthatwhenaltering + l-sï
and Ø simultaneouslyata rategivenby theintersectionof thereflectionsurfaceandany
horizontalplane, � ï canbeheldconstant.This meansthat theplacementof the laser
canbearbitrarylargeif thepitch angleis adjustedaccordingly. However thedifference
in directionof theseintersectionsin the two plots, shows that the parameters+ l-sï andØ mustbeheldcloseto zero. In additionit seenfrom the largeslopeof the reflection
surfacefor abaselinelengthof

×Ä» S m, thatasmallerrorin thepitchangle,will resultin a
largeincrementof � ï . Thesetwo importantconditionscanbeemphasizedby additional
plots.

Figure5.4 illustratesa plot of � ï at multiple baselinelengths,spanningfrom
×¢»

m to×¢» S m. As an examplechoose+ l-sï to be É SÅ¾ � mm. With a baselinelengthof
×Ä» S m,

it canbe derived from Figure5.4 that a pitch angleof ¬ ¾ ¬ N � S Î©Æ rad will result in a
measurementlengthof approximately

×
cm. However this configurationwill resultin a

negative � ï for a baselinelengthof
×¢»

m. Thismeansthatsomewherein betweenthese
two baselinelengths,� ï is on thelasersurface.Hencethis configurationwill resultin
anunobservableworking point of the laser. That is, the laserwill be reflectedbackto
thelasersource,whereaCCDwouldblock theopticalpath.

Theonly configurationwhichwill resultin � ï beingwithin thelimits of
×
cmandabove

thelasersurface,for all baselines,arethecombinationsneartheorigin, i.e. aplacement
andpitch anglecloseto zero. Choosing+ l-sï Ì S , the pitch angleis limited only by
therequirementsof thelongestbaseline.FromFigure5.3a maximumnumericalpitch
angleof É SR¾ Á N � S ÎRÆ rad is foundwhen + l-sï Ì S . Giventhis configuration� ï canbe
plottedasa functionof thebaselinelength,to illustratetheworking areaof � ï for all
baselines.Thisplot is shown in Figure5.5.

FromFigure5.5it is seenthatthereflectedlaserbeamis limited within therequirements
of theCCD.Forbaselinelengthscloseto

×¢»
m and

×¢» S m theworkingpointof thelaseris
at theedgeof theCCD.However, asmentionedabove, � ï is verysensitiveto parameter
adjustments,whichmeansthatthelasermustbemountedaccurately, in amagnitudethat
is practicallyimpossible.

It canbeshown thatif thelaseris pointedat thecenterof theCCD,theworkingareais
still too small. If theworking point is chosento beat thecenterof theCCD, thepitch
anglecanbefoundfrom Figure5.3to be É ¬ S N � S Î º radfor abaselinelengthof

×Ä» S m.
Thelimit of � ï is at pitch angle É Á S N � S Î º rad,requiringtheerror in thepitch angle
to belessthan ¬ S N � S Î º rador É Á ¾ 4 N � S Î ï mas. Notethatevenif thelaseris mounted
atanexactangle,theattitudecontrolsystemwill have to meetthesamerequirements.

Realizingthat the lasermetrologysystemis unfeasibleat large baselines,the require-
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Figure5.3: Plot of thedistanceto thepointwherethereflectedlaserbeamhitsthesatel-
lite surface,as a functionof the laser placement+ l-sï and pitch Ø , for a
baselinelengthof

×Ä» S m.
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Figure5.4: Plot of thedistanceto thepointwhere thereflectedlaserbeamhitsthesatel-
lite surface,asa functionof thelaserplacement+ l-sï andpitch Ø , for baseline
lengthsof

×¢»
m,
» S m, � SÄS m, � » S m and

×¢» S m.
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Figure5.5: Plot of thedistanceto thepointwherethereflectedlaserbeamhitsthesatel-
lite surface,asa functionof thesatellitereferenceposition + sÏ , with param-
eters+ l-sï Ì S m and Ø ÌvÉ SR¾ Á N � S ÎRÆ rad.
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mentsat minimumbaselinelengthareinvestigated.

Figure5.6 shows theconfigurationparametersat a baselinelengthof
×¢»

m. Thefigure
is thesameasFigure5.2exceptthat Ø is scaledto show theanglewhere� ï will exceed
thelimits of theCCD.

In orderto allow largestpossibleerrorson the mountingof the laserandthe attitude
controlsystem,theworking point of the laseris againchosento beat thecenterof the
CCD.Fromthedataplottedin Figure5.6it canbederivedthatchoosing+ l-sï to bezero
andapitchangleof É ¬ ¾ÇS N � S Î ¸ radwill give thesoughtworkingpointon thecenterof
theCCD.It is alsoderivedthatapitchangleof É Á ¾ � N � S Î ¸ radis thepitchanglewhere� ï leavestheCCD.This meansthatfor a baselineof

×¢»
m, theerrorof thepitch angle

mustbe smallerthan ¬ ¾ � N � S Î ¸ rad or approximatelySÅ¾ Á » mas. Recall that this error
is thesumof themountingerrorof the lasersourceandtheattitudecontrolprecision.
It canknow be concludedthat the lasemetrologysystemis unfeasiblefor all desired
baselinelengths.

The only parameterwhich hasnot beeninvestigatedto this point is the radiusof the
sphere.All the above valuesarebasedon a sphereradiusof SÅ¾ » m. To illustrate the
effect of varying the radiusof the sphere,the lengthof the measurementvector � ï is
plottedasa functionof thebaselinelengthfor a numberof sphereradii ¦�½ . Theplot is
givenin Figure5.7.Theparameters+ l-sï and Ø aresetto S and É SR¾ Á N rad,respectively.
Recallthatthesevalueswerefoundto limit � ï within therequirementsof theCCDfor
all baselines.

It is seenfrom Figure5.7 that the working areaof � ï is halved, whenincreasingthe
radiusof the sphereby a factor two. Sincethereis a similar linearity betweenthe
working areaof � ï and the pitch angle,which can be derived from Figure 5.4, the
requirementsof thepitchangleerrorcanbehalvedif theradiusof thesphereis doubled.
Thesamelinearity alsomeansthattherequirementsof thepitch anglecanbehalvedif
thesurfaceof theCCDis increasedby a factortwo.

Howeversincea feasibleestimateof thecontrolprecisionof thesatelliteis in theneigh-
borhoodof � S as, the requirementsof thepitch angleshouldbe loweredby a factor in
the magnitudeof � S r for the smallestbaselinelength. This would requirea CCD of� × N � × cm

ß
or a sphereradiusof

× ¾ÉÈ m, notconsideringmountingerrors.

From the above estimations,it canbe concludedthat it is impossibleto configurethe
lasermetrologysystem,for all or even a singlebaselineconfiguration,whenusinga
reflectingsphere.Thereasonis thehigh requirementof thepitch angle,to which � ï is
highly sensitive. In orderto verify the results,thesourceof thevastgainof thepitch
angleto thelengthof themeasurementvectoris identified.
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Figure5.6: Plot of thedistanceto thepointwherethereflectedlaserbeamhitsthesatel-
lite surface,as a functionof the laser placement+ l-sï and pitch Ø , for a
baselinelengthof

×Ä»
m.
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5.1 SphericalGain

Whenconsideringreflections,thereflectionangleis of importance.For areflectionona
planesurface,thereflectionangleis known to beequalto theangleof entrance.For the
sphericalcasethisdoesnotapply. Thereflectiononthesphereis givenby thetangential
planeonthesurfaceof thereflectionpoint. Theorientationof thisplanechanges,asthe
reflectionpoint changes.

Considerthesetupin Figure5.8.Theentranceangleis thepitchangleØ . Thereflection
angle È of the laserbeam,is a functionof thevertical angleof the tangentialplane Ê
andtheentranceangle Ø . Theangle Ê is alsoa functionof theentranceangle Ø . The
lasercrossesthehorizontal,at adistanceË from thecenterof thesphere.

ψ

ψ

γ

θ

Rγ
ψ

SphereLaser beam

σ

l

b

Figure5.8: Setupfor investigatingthegain of thereflectionangle È asa functionof the
entranceangle Ø .

Usingthis setup,thegainof thesphericalreflectioncanbecalculatedfor differentdis-
tances,i.e. baselinelengths.In orderto calculatetheexit angle È , theangle Ì is found.
Usingsinerelationsof thetrianglecontainingtheanglesØ , Ê and È , yields

sin à@Ì áË Ì sin àdØ á¦E½� ÌÆÌÕÔ«É sinÎ�Ï�n Ë¦E½ sin àdØ á p (5.1)
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where ¦E½ is the radiusof thesphere.Note that theobtuseangleis found,becausethe
angle Ì is alwayslarger than Ô«Í × , but the solutionof the inversesinefunction is the
acuteangle.

TheangleÊ of thetrianglecannow beexpressedasa functionof Ø , byÊÚÌ_Ô8É2Ì«É|ØÌ sinÎ�Ï n Ë¦ ½ sin à Ø á p É|Ø (5.2)

FromFigure5.8 it is seenthattheangleÈ canbeexpressedasÈÍÌ × Ê Ù|Ø (5.3)

InsertingEquation5.2,yields

È¡Ì ×
sinÎ�Ï n Ë¦E½ sin àdØ á p É|Ø (5.4)

whichis thesoughtfunction,expressingthereflectionangleasafunctionof theentrance
angle. If Ø is assumedto besmall, smallangleapproximationscanbeapplied,which
gives

ÈÍÌ � × Ë¦ ½ É � � Ø¡ × Ë¦E½ Ø � Ë¦E½¤Î � (5.5)

From Equation5.5 it is clear that the gain of the pitch angle is proportionalto the
baselinelengthandinverselyproportionalto theradiusof thesphere.

Figure5.9 illustratesthegain of theentranceangleat differentbaselinelengths,for a
sphericalradiusof SR¾ » m. It alsocontainstheline ÈÍÌêØ , whichis thereflectionanglefor
aplanemirror reflection.This line is approximatelyhorizontal,dueto thelargegainsof
thesphericalmirror.

Thegainsof the reflectionsin Figure5.9 arealsostatedin Table5.1, calculatedusing
Equation5.5.

Thegain factorsof Table5.1 canbeverifiedby observingFigure5.9. Thecalculated
gainsreflecttheproblemof theprevioussection,whereit is concludedthat the length
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Figure5.9: Plot of the reflectionangle È as a functionof the entranceangle Ø , for a
planemirror reflectionandthereflectionsof a sphere with radius SÅ¾ » m, for
baselinelengthsof
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BaselineLength [m] Gain Factor
25 100
50 200
100 400
150 600
200 800
250 1000

Table5.1: Gain factorsof a sphericalreflectionat different baselinelengths,givena
sphere radiusof SÅ¾ » m.

of the measurementvector is too sensitive to pitch angleerrors. The problemcanbe
isolatedto thereflectionangle,givenby theapproximationof Equation5.5. Basedon
thisobservation,it canbeconcluded,thatthelasermetrologysystemis unfeasiblewith
a sphericalreferencesatellite.



Chapter 6
KalmanFilter

In orderto estimatethestatevector ü from thenoiseinflictedmeasurements,aKalman
filter is designed. It is chosento designa continuous-discreteKalman filter, which
reflectsthetruebehavior of thesystem.A continuous-discretefilter is usedfor acontin-
uoussystemwith discretemeasurements,sinceit is basedon a continuousdifferential
equationandadiscreteoutputequation.

TheKalmanfilter propagatesa previousestimationof thestates,usingthestatespace
equations,andcorrectsthepropagationusingmeasuredstates.In thefollowingsections,
the Kalmanfilter is describedin general,followed by the derivationof a steady-state
Kalmangain. Finally thesystemstatespaceequationsusedfor thefilter, areexpanded
in orderto estimatedisturbances.

6.1 GeneralDescription

Thissectionis basedonthework in [MohinderS.GrewalandAngusP. Andrews,1993].
The Kalman filter is basedon a generalstatespacedescription. For a continuous-
discretefilter, the model differential equationis continuousand the output equation
is discrete.Themodeldifferentialequationis written

Oü¶àe` á Ìq��àe` á ü¶àe` á Ù¯µvàd` á [¸àe` á Ù1±½àd` á (6.1)

where ±vàe` á is a vectorof randomvariables,representingthe processnoise,which is
assumedto beGaussianwhitenoise.Thestatisticsof ±½àd` á are

85
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E àh±½àd` á¦á Ì ] (6.2)

E Ð�±vàe` á ± T àe`�Ù2Ï á Ò Ì�Ð�àe` áRÑ à@Ï á (6.3)

whereE à@±vàe` á®á is theexpectedvaluefunction,and

Ñ àd` á is Dirac’s deltafunction. The
discreteoutputequationis written

ÿ � ÌU· � ü � Ù � � (6.4)

where � � is a vectorof randomvariables,representingmeasurementnoise,assumedto
beGaussianwhite noisewith statistics

E à � �
á Ì ] (6.5)

E à � � � �$ÒÅÓ
á ÌqÔ � a à@Õ á (6.6)

wherea àhÕ á is theKroneckerdeltafunction.Notetheshorthand

ü �WÖ ü¶à@×ÙØ á (6.7)

whereØ is thetimeperiodbetweensamples.

Startingwith anestimateat time à@×LØ á , denoted Êü � , thepredictorof thefilter calculates
ana priori estimateusingEquation6.1. Thepropagatedestimate,denoted Êü Î�ÚÒ Ï , is an
estimateof the stateat time àh×LØ Ù2Ø á , basedonly on the dynamicsdescribedby the
differentialequationof the system.Given the measurementsat time àh×LØ Ù1Ø á ÿ �ÚÒ Ï ,the a priori estimatecanbe correctedinto the a posterioriestimateat time à@×ÙØ Ù1Ø á ,
denotedÊü �ÚÒ Ï .Thecovariancematricesof theapriori andaposterioriestimationerrorsat time ×LØ , are
definedas ÊÛ Î� Ì E Ö / ü � É Êü Î� 3 / ü � É Êü Î� 3 T Û (6.8)ÊÛ � Ì E Ö  ü � É Êü � !  ü � É Êü � ! T Û (6.9)

Theapriori estimateof
Û

is propagatedusingthedifferentialequation
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OÛ àd` á Ìg�vàe` á Û àd` á Ù Û àe` á � T àd` á Ù¯Ðvàd` á (6.10)

derived in [Mohinder S. Grewal andAngusP. Andrews, 1993]. As with the statees-
timate,the a posterioricovariancematrix ÊÛ �ÚÒ Ï is obtainedby correctingthe a priori

covariancematrix ÊÛ Î�ÚÒ Ï . An illustration of the Kalmanfilter is given in Figure6.1.
Notethattheclosedloopof theKalmanfilter requiresinitial valuesof thestateestimate
andcovarianceof theestimationerror, denotedÊü } and ÊÛ } respectively.

P̂ P̂k+1 x̂k+1x̂k

P̂−
k+1

x̂−
k+1

P̂0

x̂0
Predictor Corrector

k

kz

Figure6.1: Illustrationof theKalmanfilter.

Thecorrectorof thefilter updatesthepredictedestimatesusingtheoutputequationof
Equation6.4andthemeasurementvector ÿ � . Theupdateof thestateestimateis given
by Êü � Ì Êü Î� Ù1Ü � / ÿ � É2· � Êü Î� 3 (6.11)

whereÜ � is theKalmangain.TheKalmangainis calculatedusing

Ü � Ì ÊÛ Î� · T� � · � ÊÛ Î� · T� Ù2Ô � � Î�Ï (6.12)

It is importantto note from Equation6.11, that the Kalman gain is a weight factor,
which weighsthe updateof the prediction. From Equation6.12 it is seenthat if Ô �approacheszero,the Kalmangain will increase.This resultsin a large updateof the
prediction,which meansthat the measurementis weighedhigherthanthe prediction.
If ÊÛ approacheszero, the Kalmangain will decrease,and the predictionis weighed
higher. When Ô � and ÊÛ increase,they will have the oppositeeffectson the Kalman
gain.

Thecorrectorequationfor thecovariancematrix is
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ÊÛ � Ì ÊÛ Î� É2Ü � · � ÊÛ Î� (6.13)

whereÜ � is theKalmangainof Equation6.12.

6.2 Steady-StateKalman Gain

The Kalmanfilter requiresthe computationof a Kalmangain betweeneachsample.
For time invariantsystems,thisgainwill convergeto aconstant,namedthesteady-state
Kalmangain,whichcanbefoundprior to use.In thefollowing, thesteady-stateKalman
gainis derived.

FromEquation6.12,it is seenthat Ü � varieswith thecovariancematrixprediction.For
time invariantsystems,· � and Ô � areconstant,henceif a steady-statesolutionof the
covariancematrix canbe found, this solutioncanbe usedto calculatethesteady-state
Kalmangain.

In orderto find the steady-statecovariancematrix, denoted ÊÛÞÝ , the equationsof the
predictorandcorrectormustbe combined.Sincethe predictoris given in continuous
timeandthecorrectorin discretetime,theequationsof thecorrectoraretransformedto
continuoustime. Thetransformationof thecorrectorequation,is basedon thecalcula-
tion of theKalman-Bucy filter in [MohinderS.Grewal andAngusP. Andrews,1993].

Thepropagationof thecovariancematrixisaccomplishedusingthedifferentialequation
of Equation6.10. However it is only propagatedin a time interval of ×LØ , using the
correctedvalueasinitial state.Thecorrectorequationis acorrectionof thepropagation,
whichcanbeinserteddirectlyEquation6.10,as

OÛ àd` á ÌU�vàe` á Û àd` á Ù Û àe` á � T àe` á Ù¯Ðvàd` á É2Ü àe` á · àe` á Û àe` á (6.14)

which requiresthat theKalmangaincanbeexpressedin continuoustime. Findingthe
limit of the Kalmangain of Equation6.12, when the samplingperiod Ø approaches
zero,is accomplishedusing

vzwxyß |~} n Ü �Ø p Ì£vxwzyß |~} n �Ø ÊÛ Î� · T� � · � ÊÛ Î� · T� Ù2Ô � � Î�Ï p (6.15)

Thediscretemeasurementnoisecanbewritten in termsof thecontinuousnoisematrix,
as
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Ô � Ì Ô àh×LØ áØ (6.16)

assumingthatthevarianceof thenoiseis constantover thetime interval Ø . Insertedin
Equation6.15,gives

vzwzyß |~} n Ü �Ø p Ì£vzwxyß |~} n ÊÛ Î� · T� � · � ÊÛ Î� · T� Ø|Ù2Ô àd` á � Î�Ï p� Ü àe` á Ì ÊÛ àd` á · T àd` á ÔÆÎ�Ï£àd` á (6.17)

The steady-stateof ÊÛ will result in zerodynamics,which meansthat the differential
equationof

Û
in Equation6.14canbesetto zero,andis written,usingEquation6.17,

as

�½àd` á Û àe` á Ù Û àe` á � T àe` á Ù¯Ðvàd` á É ÊÛ àe` á · T àe` á Ô Î�Ï àe` á · àe` á Û àd` á Ì S (6.18)

Equation6.18 takesthe form of an AlgebraicRiccati Equation. The solutionto this
RiccatiEquationis thesteady-statecovariancematrix ÊÛàÝ . Thematrix isobtainedusing
Xmath,hencetheanalyticsolutionwill notbediscussedin thisproject.

Given ÊÛàÝ the steady-stateKalmangain Ü Ý
canbe calculatedusingEquation6.12,

giving

Ü Ý Ì ÊÛ Ý · T� � · � ÊÛ Ý · T� Ù2Ô � � Î�Ï (6.19)

Recallthat · � and Ô � aretime invariant,henceÜ Ý
canbecalculatedonce,andused

in thecorrectorasaconstant.TheKalmanfilter is thensimplifiedto two equations.The
predictionof thestate,usingthesystemdifferentialequation,andthecorrector:

Oü àe` á ÌU��àd` á ü«àd` á Ù<µvàe` á [ àe` á (6.20)Êü � Ì Êü Î� Ù2Ü Ý / ÿ � ÉM· � Êü Î� 3 (6.21)

whereÜ Ý
is calculatedusingEquation6.19.
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6.3 StateExpansion

Thissectionredefinesthestatespaceequationsusedfor theobserver, in ordertoestimate
thedisturbances.

In Chapter4 on page45 several sourcesof disturbancesaredescribed.Thesedistur-
bancesincludesolarpressureandhardwarebiasesandwhite noise.Of these,themost
significantis thesolarpressure.Theremainingdisturbancesareassumedto benegligi-
ble. This is a resultof a tradeof betweenmodelcomplexity andmodelprecision.

Thestatevector ü is expandedto be

ü Ì íóóóóî �� ß Î r�J sË
sOË s�

Sun

ð ûûûûò (6.22)

The solarforce is modeledwith zerodynamics,sincethe modelalreadyis linearized
arounda workingpoint. Thiscanalsobeseenfrom Equation4.76onpage63,which is
constantwhenusingsmallangleapproximations.Thesolartorqueof Equation4.77on
page63 canbewrittenas

� Sun Ì S à Ë COP

á �
Sun (6.23)

whereS à Ë COP

á
is thecrossproductmatrixfunctiondefinedin Equation4.47onpage56.

Combiningtheabovewith thesystemdifferentialequationof themodelin Equation4.84
onpage66,thestatespacedifferentialequationof theobserver canbewritten
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íóóóóî O�� ß Î rO�J sOË s�Ë
sO� Sun

ð ûûûûò Ì
íóóóóóóóóî
] ï � ï Ïß ^ ï � ï] ï � ï ] ï � ï ]L¸ � ¸ ] ï � ï

S à Ë COP

á
]L¸ � ¸ ] ï � ï ^ ï � ïS S S S S × T oS ÉVT ßo S S S SS S 4 T ßo É × T o S S

] ï �Ï_
s
^ ï � ï] ï � ¸ ] ï � ¸ ] ï � ï

ð ûûûûûûûûò
íóóóóî �� ß Î r�J sË

sOË s�
Sun

ð ûûûûò
Ù íóóóóî

] ï � ¸�ÂÎ�Ï ] ï � ï] ï � ¸] ï � ï Ï_ ¹ ^ ï � ï] ï � ¸ ð ûûûûò � � ext�
rel � (6.24)

Theoutputequationis written

íî �� ß Î r�J sË
s ðò Ì / ^ º � º ] º � ¸ 3 íóóóóî �� ß Î r�J sË

sOË s�
Sun

ð ûûûûò (6.25)
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Chapter 7
Controller

Thischapterdescribesthecontrollerusedfor thesystem.A controlleris neededto bring
thesatellitesto referencepositionandcounteractthedisturbancesof thesystem,mainly
solarpressure.It is assumedthattheinitial conditionsof thesystemareclosereference.
Hencecollisionavoidanceis ignored.

The requirementsof the controllerarederived from the intendedrequirementsof the
DARWIN mission.Theserequirementsarediscussedin thefollowing section.Subse-
quentthedesignof thecontrolleris described.

7.1 Requirements

TheSMART-2 missionis to show thefeasibilityof theDARWIN mission,hencethere-
quirementsof thecontrolleris derivedfrom theDARWIN missionspecifications.How-
ever thespecificationsof the DARWIN missionis conditionedby the developmentof
highprecisionstartrackersandfringetrackers.Hencetherequirementsof theSMART-
2 missionshouldbebasedon thehardwarecapabilities.

The requirementsof the DARWIN missionarederived in AppendixA on page111.
Sinceit is assumedthat thewide field cameras,which arehigh precisionstartrackers,
areunavailablefor SMART-2, the requirementsof the SMART-2 control systemwill
be thoseof the baselinecontrol mode(BCM). This meansthat the attitudeis to be
controlledwithin � S asandthebaselinewithin � cm,asstatedin TableA.1 on page114.
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7.2 Design

This sectiondescribesthedesignof a controllerfor thesystem.It is basedon the lin-
earquadraticdesignmethoddescribedin [Ian Hesselberg Rasmussen,1998]and[Dan
Bhanderietal., 1999].

Thecontrollerof thesystemis designedto minimizea performanceindex, by selecting
afeedbackgain á , whichmovesthesystempolesto anoptimalplace.Theperformance
index is a quadraticfunctionof thestatesandinputsignals,givenbyâ Ìtã Ý} Ð#ü T ä üÆÙ1[ T å [ Ò d̀ (7.1)

where ä is a Õ by Õ quadraticmatrix weighingthe Õ statesof the system,and å is
a � by � quadraticmatrix weighingthe � control signals.Thechoiceof theweight
matricesis to someextenddoneby trial anderror. A goodinitial valueof ä and å
is the inverseof the squaredmaximumvaluesof the statesandcontrol signalsin the
diagonal[Ian Hesselberg Rasmussen,1998].

UsingtheXmathfunction lqgltr, thegainmatrix æ hasbeenfound. Thecontrolsignalç is thengivenby thecontrollaw ç¯è5éWê0ë (7.2)

Thecontrollerhasbeenimplementedin a simulationprogram,andtheobtainedresults
arediscussedin thefollowing chapter.



Chapter 8
Simulation

This chapterdiscussesthesimulationimplementationandresultsof themodel,estima-
tor andcontroller, derivedin thepreviouschapters.Thesystemis simulatedin Xmath,
which is comparableto the well known programMatlab. Like Matlab’s Simulink,
Xmath hasa graphicalimplementationenvironmentnamedSystemBuild, wherethe
equationscanbe implementedby connectingsignalsbetweenblocks. The integration
algorithmusedin SystemBuild is Kutta-Mersonif noneotheris specified.

Thepurposeof thesimulatoris mainly to verify thefunctionalityof theKalmanFilter
andLQG controller, usedwith the lasermetrologysystem. However, sincethe laser
metrologysystemhasbeenfoundto beinapplicable,dueto thecircumstancesdiscussed
in Chapter5 on page71, themodelof the lasersystemis removed,andit is assumed
thattherelativepositioncanbemeasuredby othermeans.

In addition to verifying the filter andcontroller, their performanceis investigated,in
orderto evaluatehardwarerequirements.

8.1 Implementation

Theimplementationof thesystemis donein SystemBuild. Figure8.1 is a screenshot
of the SystemBuild implementationof the system.To the right is the Kalmanblock
which estimatesthestatesfrom themodelblock, in themiddleof thefigure.Thestates
of themodelarebiasedandaddedwith whitenoise,simulatingsensornoise.Whenthe
stateshave beenestimated,thecontrolsignalsarecalculatedby thetwo gainblocksto
the left, andthe signalsarequantizedandlimited in magnitude,simulatingthe FEEP
thrusters.

Due to the limited time frameof theproject,certainelementspreviously intendedfor
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Figure 8.1: Overview of theimplementationin SystemBuild.

implementationareleft out:ì Time quantizationof FEEPthrusters,simulatinga minimum thrust time. It is
expectedthattheminimumperiodof thrustis smallfor FEEPs.ì Estimationof the solar pressure.The Kalmanfilter is only implementedwith
twelvestates,leaving out í Sun.ì Gyroscopedrift. Only the biasandwhite noiseis addedto theangularvelocity
stateto simulategyroscopenoise.

TheKalmanfilter hasbeenimplementedasacontinuous-continuousfilter, whichmeans
thatthecorrectorpartin Equation6.21onpage89,is derivedasacontinuousequation.
SincetheKalmangainis constant,only themeasurementvectoris discrete,andhasto
bemadecontinuous.Simulatingonacomputer, theonly differenceis thatthetimestep
of the correctoris given by the time propagationof the simulation,sincea computer
can’t simulatein continuoustime.

In order for the Kalman filter to converge, it hasbeennecessaryto assumethat all
twelve statesare measurable.Hencethe matrix î in the measurementequationof
Equation4.85onpage66becomesthe12by 12 identitymatrix.
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Thelasersystemis implementedastwo blocks.Oneblockcalculatesthemeasurement
vectoron theCCD,andthedistanceof theopticalpath. Theothercalculatesthestate
from the measurementvector, distanceand the satelliteattitude. It is left out of the
main implementation,but usedfor the analysisof the laserconfigurationdescribedin
Chapter5 onpage71.

The systemhasonly beensimulatedwith a singlesatelliteand the sphere,sincethe
simulationof asecondsatelliteis donein thesameway.

8.2 Model

Themodelof theattitudeandrelative positionof thesatelliteis implementedasnon-
lineardifferentialequations.In additionthesolarpressurehasbeenaddedasdisturbance
to the system.Leaving thesystemin an initial state,the solarpressurewill makethe
systemdiverge, implying the needof a control system.Figures8.2 and8.3 show the
uncontrolledattitudeandrelativepositionasfunctionsof time.
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8.3 Estimator

The measurementsof the sensorhardwareis simulatedwith biasandwhite noise. In
orderto achieve animprovedestimateof thetruepositionandattitude,a Kalmanfilter
is implemented.Figures8.4and8.5shows theerrorbetweenthetruestatevector, and
theestimatedpositionandattitude,respectively.
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Figure8.4: Error of therelativepositionestimate.

It is seenthat the filter convergesto the the true stateswithin ten seconds.That the
estimatedstateis betterthanthemeasuredvalues,canbeverifiedby calculatingtheroot
meansquared(RMS)valuesof theerrorsin estimatesandmeasurements.Figure8.6 is
a plot of themeasured,estimatedandtruevalueof the secondelementin the attitude
quaternionof thesatellite.

TheRMS valuesareshown in Table8.1. Themeasurementsaredoneby startrackers,
with a precisionof ïñð as, andwhite noiseis addedaccordingto this. White noiseof the
samemagnitudeis addedto theangularvelocity.

It is seenthat the estimateimproves the obtainedstateby approximatelyò¢ò©ó . The
RMS valuesof thepositionmeasurementsandestimateshave alsobeenevaluatedand
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Figure 8.5: Error of theattitudeestimate.

RMS
Measurement ôöõÃ÷ÙøÉùûúXïñð©üsý(þ�ÿ
Estimate ôÉï��Rø��júXïñð üsý þ�ÿ

Table8.1: RMS valuesassociatedwith the secondelementof the satellite attitude
quaternion.
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areshown in Table8.2. It is assumedthattherelative positioncanbemeasuredwith a
precisionof ðÅøxï mmandtherelativevelocitywith a precisionof ðRøzï mm� s.

RMS
Measurement ðÅøxï¢ï¢ï úMï�ð ü	� m
Estimate ��
Åø�
júMï�ð üsý m

Table 8.2: RMSvaluesassociatedwith thefirst elementof therelativepositionvector.

In thiscasetheestimateis approximatelyò©ùÄó betterthanthemeasurement.

Fromtheabove, it canbeconcludedthat theKalmanfilter worksasintended,andim-
provestheobtainedstatevectorwith approximatelyò¢òsó , whencomparedwith themea-
suredstatevector.

8.4 Controller

Theattitudeandrelative positionof thesatelliteis soughtcontrolled,to counteractthe
solarpressure.Thecontrolleris actuallytwo independentcontrollers.Figure8.7shows
thecontrolledattitudeparameters.It is seenthat theparametersapproachesthe refer-
encevalueof zero. However it takesapproximatelyù&ð¢ð s, dueto the limits in thrust,
which is approximatelyðÅø ÷ mN per thruster[Bonnet,2000]. In addition, thereis an
overshootwhichcanbeavoidedby usingadifferentcontroller. This is importantfor the
fuel/energy budgetof thesatellite.Thishasnotbeeninvestigatedfurtherin thisproject.

Figure8.8 shows thecontrolledvelocity vector. As with theattitudeparameters,there
is anovershoot,which suggestsa controllerredesign,if thefuel/energy budgetis to be
optimized.

Thefirst elementof � s, whichhasreferencedifferentfrom zero,takeslongerto converge
thantheothertwo elements.If thereferenceis changedto zero,it convergesin thesame
timeastheothers.Thissuggeststhatthereferenceis introducedin a non-optimalplace
in thesystem.In Figure8.1 on page96 it canbeseenthat the referenceis subtracted
from theestimatedstate.The referencecanbemoved to a differentplacein the loop,
to optimize systemperformance[GeneF. Franklin et al., 1994]. This hasnot been
investigatedfurther.

ThecontrolledattitudeparametershaveRMSvaluesof õÅï as, whenthereferencevalues
have beenreached.This is basedon measurementswith a white noiseof ïñð as. Due
to the requirementof attitudecontrol within ï�ð as, as mentionedin Section7.1, the
controllershouldberedesigned.Sincethecontrolleris asimpleproportionalcontroller,
aredesigncouldimprovetheprecisionnoticeable.However, with thecurrentcontroller,
a measurementprecisionof  aswill resultin a RMSvalueof ï�ðRø� as, whichmeansthat
betterhardwarewill makethecurrentsystemmeettherequirements.
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Figure8.7: Plot of thecontrolledattitudeparametersof thesatellite.
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Thecontrolledpositionelementshave RMS valuesof ðRø õ mm. This is vastlymorepre-
cise than the requirementof ï�ð mm. However the sensorsareassumedto be precise
within ðÅøzï mm, which may be optimistic. With the currentsystem,a precisionwithinï mm will resultin RMSvaluesof ò mm,which is still well within therequirements.In
addition,with a bettercontroller, thehardwareprecisioncouldbeevenless.



106 Simulation



Chapter 9
Conclusion

Themainpurposeof this projectwasto investigatethefeasibility of usinga spherical
mirror togetherwith two othersatellitesfor SMART-2, in orderto form a formation,
thatcoulddemonstrateformationflying, precedingtheDARWIN mission.Theuseof a
sphericalmirror wasintendedto minimizethecostsof theSMART-2 mission.A mirror
wassuggestedin orderto apply a lasermetrologysystemproposedfor the DARWIN
mission.

A mathematicalanalysisof thelasermetrologysystemin conjunctionwith a spherical
mirror wasdone. Equationsfor obtainingthe relative positionof the satellites,with
respectto thesphericalmirror, giventhemeasurementof attitudeby startrackers,have
beenderived.

In additiona RF metrologysystemis proposed.This systemis suggestedin orderto
enablethe lasermetrologysystemfrom randomconditions.No in-depthinvestigation
wasperformed,andcollisionavoidancewasignored.

Basedon the mathematicaldescriptionof the lasermetrologysystem,a suitablecon-
figurationof thesystemwasanalyzed.This studyprovedthat that themountingof the
laserwaslimited dueto thevastgainof thereflectionangleof thelaserbeam.Thisgain
resultedin the needof unfeasiblerequirementsto mountingprecisionof the laser, or
unrealisticrequirementsto CCDor spheresizes.

Basedon theseresultstheuseof a sphericalmirror wasfoundto beinapplicable.Due
to this conclusion,aninvestigationof thefollowing areaswassetaside:ì Requirementsto geometricalprecisionof thesphericalmirror.ì Precisionof centerof mass.

If thecenterof massis not at thecenterof thesphere,therotationof thespherewould
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influencethereflectionof thelaserbeam.Distortionof thereflectionmayalsooccuras
a consequenceof usinga non-perfectsphere.An investigationin theseareascouldalso
concludethe in-feasibility of usinga sphericalmirror for SMART-2. It mayalsolead
to theconclusionthat therequirementsof thesphericalmirror would makeproduction
costsexceedthe prize of usingthreefully equippedsatellites. This investigationhas
beenignoredin this project,sincethesphericalmirror is alreadyfoundto beinapplica-
ble.

For theeducationalpurposeof theproject,it wasassumedthatthepositionof thesatel-
lites could be obtainedby othermeans,andmathematicalmodelsof attitudeandpo-
sition of thesatelliteswerederived. In additiona Kalmanfilter anda controllerwere
designed.The systemwasimplementedin Xmath, andsuccessfullysimulatedin the
graphicalsimulationenvironmentSystemBuild.

Thesimulationshowedthat thesystemwould divergedueto thesolarpressure,which
wasexpected. The controllerwasable to keepthe positionwell within the required
margin of ï cm. In orderto meettherequirementsof theattitude,theperformanceof the
startrackershadto bechangedfrom a precisionmargin of ï�ð asto  as. Howeverdueto
thelimited time frameof theproject,a singleproportionalcontrollerwasdesigned.A
controllerredesigncouldconfirmthetherequirementof ï�ð as.

TheKalmanfilter wasprovedto increasetheestimateof themeasurementsby approx-
imately òÄò©ó . TheKalmanfilter wasnot expandedto 15 statesin orderto estimatethe
solarpressure,sincea steadystateKalmangaincouldnotbefoundbeforethedeadline
of theproject.

Themaingoalof theprojectwasto studythefeasibilityof usinga sphericalmirror in a
lasermetrologysystem.Thisgoalhasbeensuccessfullyachieved.
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Appendix A
Introductionto DARWIN

Thissectionisanintroductionto theconceptof theDARWIN project,whichiscurrently
beingdevelopedat theEuropeanSpaceAgency (ESA).Themaingoalof theDARWIN
projectis to identify Earth-likeplanets(consideringtemperatureandatmosphere)orbit-
ing distantstars.This is only possibleusingan interferometer, becauseof thecontrast
betweenthestarandtheplanet,which makesa planetundetectableusingconventional
telescopes.

FigureA.1 shows the formation intendedfor the DARWIN satellites. At the bottom
is thesatelliteusedfor communicationwith the groundstation. Throughthis satellite
all thesatellitescanbecontrolled.Above thecommunicationsatellitearesix satellites
which spana plane.In themiddleis thehubsatellite,which collectsthereflectedlight
from thesurroundingtelescopeflyers.Thenumberof telescopeflyersis notgiveneven
thoughtheillustrationshowsfive.

The line betweentwo telescopeflyers is calleda baseline.If interferometryis usedon
thelight from two telescopeflyers,destructive interferencewill filter thelight from the
starout of the signal,andin additionit will gain the light from the planetat angle � ,
usingconstructive interference(seeFigureA.2). Theangleof which theinterferometry
will gain the light signal, is conditionedby the positionof telescopeflyers relative to
eachother.

The interferometryequipmentis placedin the hub satellite. Sincethe optical pathof
the light signal must be precisewithin approximately� nm, an internal delay line is
implemented.Withouttheinternaldelayline, thedistancebetweeneachof thetelescope
flyers and the hub would have to be set andkept within the � nm thresholdwhich is
practically impossible.The internaldelaylines consistof mirrors,which canshorten
or lengthenthe opticalpathin orderto meetthe requirements.Thedifferencein path
lengthsbetweenlight signalsfrom two telescopeflyersis theopticalpathdifference.
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FigureA.1: Illustration of the satellitesin the DARWIN project. The hub in middle
surroundedby the telescopeflyers. At the bottomis the satelliteusedto
communicatewith Earth [ESA,2000].
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FigureA.2: Theinterferometryprinciple. Thetwo telescopeflyersT1andT2reflectthe
light signal to thehub,which usesinterferometryto filter thesignal [ESA,
2000].

A.1 Control Requirements

TheDARWIN missioncontrolmodeshave beendividedinto threephases:ì BaselineControlMode(BCM)ì FringeAcquisitionMode(FAM)ì NormalOperationMode(NOM)

Theperformanceandrequirementsof thesystemwhichis summarizedin thefollowing,
is statedin [Bonnet,2000].

The BCM modeusesan RF rangingin order to configurethe array, from an initial
distribution of thesatelliteswithin a sphereof ï� km, to the requirementsof the FAM
in orderto establishanopticallink betweenthesatellites.FAM useslasermetrologyto
acquirethefringe measurableon thefringe trackers.Oncea fringe hasbeenacquired,
theNOM will usethefringe trackersto controltheOPD.

In BCM therandomattitudeandpositionof thesatellitesrequiresanomni-directional
rangingsystem.For this purposethe RF rangingis used. Attitude measurementsare
acquiredby star trackers. As control actuatorsmN field emitting electricpropulsion
(FEEP)thrustersareused,asopposedto � N FEEPthrusters,in orderto minimizethe
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time usedto configurethe formation. Note that BCM is alsousedwhenslewing the
arrayLOS towardsa new target star. When the baselinesof the arrayarecontrolled
within ï cm, andthe attitudeof the flyerswithin ï�ð asat samplingfrequency of ïñð Hz,
opticallinks for thelasermetrologyareestablished,henceFAM is entered.

Basedon thelasermetrologyandWide Field Cameras,FAM uses� N FEEPthrusters
to meettheinitial requirementsof theNOM. Theattitudeof thesatellitesmusthave an
overall attitudeaccuracy below  mas, andthe drift of the optical pathmustbe belowðÅø��� m � s. The out-of-planedrift, causedby rigid rotationsof the formationmustbe
controlledwithin õ��� m at a samplingrateof ï�ð Hz. Theserequirementsmustbe met
until a fringe is acquiredon thefringetrackers.

UponenteringNOM themaincontrolrequirementis to keeptheopticalpathdifference
betweenthelight from two TelescopeFlyersbelow õÄð nm. This is accomplishedusing
thefringe trackersplacedin thehubsatellite.

Therequirementsof thethreemodesaresummarizedin TableA.1.

BCM
Attitudecontrol ïñð as� ïñð Hz
Baselinecontrol ï cm

FAM
Attitudecontrol(overall accuracy)  mas
Rigid rotationcontrol õ��� m � ïñð Hz
OPDdrift ðÅø��� m � s

NOM
OPD õÄð nm

Table A.1: Summaryof thecontrol requirementsin each operationmode.



Appendix B
Quaternions

This chapteris a brief descriptionof the quaternionsand their algebra. It is based
on [JamesR. Wertz,1978]but modifiedto thenotationusedin thisproject.

Quaternionsisoneof many waysto representattitude.Thequaternionhastheadvantage
of beingwithoutsingularitiesfor all attitudes.

A quaternion� is definedby its four vectorelements��� , � � , � � and ��� , as

� è � ����� ��� ��� � � �� � � è !""# ���� �� �� �
$�%%& (B.1)

where� , � and  arehyperimaginarynumberssatisfying

� � è � � è  � è�é ï (B.2)�'� è�é �(� è  (B.3)�( è é  �� è � (B.4) )� è�é �* è � (B.5)

Thefour parametersof a quaternionaresubjectto theconstraintthat

� �� � � �� � � �� � � �� è ï (B.6)
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which meansthat the quaternionhasthreedegreesof freedom,correspondingto the
minimumsetof parametersneededfor attituderepresentation[JamesR. Wertz,1978].

Thefirst element��� of thequaternion� is namedthescalarelement,andthe2nd,3rd
and 4th the complex elements. The complex part of the quaternionis written � � ü � ,
henceaquaternionmaybewritten

� è,+ ���� � ü �.- (B.7)

A rotation /10 aroundaunit vector ç , is representedby thequaternion

� è + cos 2�354�76ç sin 2�354�76 - (B.8)

Thecomplex conjugateof thequaternionis definedas

�98 è � � é � ��� é � � � é  � � è + � �é � � ü � - (B.9)

Notethat

�5� 8 è !""# ïððð
$ %%& (B.10)

which is theunit quaternionrepresentingthezerorotation,i.e. no rotation.

Theproductof two quaternions� and ��: is definedin matrix form as

� : : è ��� : è !""# � :� é � :� é � :� é � :�� :� � :� � :� é � :�� :� é � :� � :� � :�� :� � :� é � :� � :�
$ %%&
!""# ���� �� ����

$ %%& (B.11)

Note that the multiplicationof quaternionsis not commutative, which is alsothecase
for attitudematrices.
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Representingthe attitudeof � by the attitudematrix ;=< �?> , the rotationsequenceof
EquationB.11,canbewritten in termsof theassociatedattitudematrices,as

;@< � : : > è ;@< � : > ;@< �?> (B.12)

Notethereverseorderof multiplication.


